
Using deep learning to generate the ensemble spread from 
deterministic weather predictions
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ẽii+
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Figure 1: Notation for 2D simplicial mesh

This allows us to formulate the RSW-LU as:

dtu =

:=detz }| {⇣
� u ·r u� f ⇥ u� grh

⌘
dt+

:=stoV

z }| {⇣1
2
r·r·(au) dt� �dBt ·r u

⌘
, (1)

dth = �r· (uh) dt+
⇣1
2
r·r·(ah) dt� �dBt ·r h

⌘

| {z }
:=stoh

, (2)

where f is the Coriolis parameter and g the gravitational acceleration.
As suggested in [3], our approach is to discretize the deterministic parts (the det and

�r · (uh) terms) with a variational discretization [1] and the stochastic terms with standard
finite difference operators. Then, we add an energy preserving Casimir dissipation [2] or
biharmonic Laplacian dissipation.

3 Discretization of RSW-LU with Casimir dissipation
We consider a two-dimensional simplicial mesh M with n cells on the fluids domain, where
triangles (T ) are used as the primal grid, and the circumcenter dual (⇣) as the dual grid.
The notation is explained in Fig. 1.

Following [1, 3], let matrix A approximate the vector field u and vector h 2 Rn the fluid
depths from RSW-LU. Here, piecewise constant functions on the domain M are represented
by vectors F 2 Rn, with value Fi on cell i being the cell average of the continuous function
on cell i. The space of discrete functions is denoted by ⌦0

d(M), and the space of discrete
densities Dend(M) ' Rn is defined as the dual space to ⌦0

d(M) relative to the pairing:
hF,Gi0 = F>⌦G.

A is an element of the Lie algebra d(M) = {A 2 gl(n) | A · 1 = 0} with the matrix
commutator [A,B] = AB � BA as the Lie bracket, where gl(n) is the Lie algebra of n ⇥ n
real matrices. To obtain approximations of vector fields we consider a subspace R ⇢ d(M)
in which R = R1 \R2, R1 =

�
A 2 d(M) | A>⌦ +⌦A> is diagonal

 
and R2 =

�
A 2 d(M) |

Aij = 0 8j /2 N(i)
 

with N(i) being the set of cells sharing an edge with the cell Ti and
with ⌦ being the n⇥n diagonal matrix with elements ⌦ii. Further, Aij = � |eij |

2⌦ii
Vij, j 2 N(i)
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Example for the SWE. The Hamiltonian gives the total energy of the system; for the SWE,
it reads

H(m, h) =
⁄

M

Ë 1
2h

|m ≠ hr|2 + 1
2g(h + ÷b)2

È
d‡. (13)

In this case, we have m = h(u + r), so that 1
2h

|m ≠ hr|2 = 1
2h|u|2, which is the kinetic energy

of the fluid.
For the selective decay, we use the relationship between the Lie–Poisson bracket and the

conservation laws. A function C is called a Casimir for the Lie–Poisson bracket if it satisfies
{C, f} = 0 for all f . With this, we have the conservation law dC

dt
= 0 along solutions of the

Lie–Poisson system ḟ = {f, H}, for any Hamiltonian H. In the next section, the Lie–Poisson
bracket is extended to dissipate a Casimir but still conserve energy. In Section 3.2, we give a
concrete example of a Casimir for the SWE.

3.1 Casimir dissipation
In this section, we recall the approach to selective decay developed in Ref. [13]. Let “ : X(M) ◊
X(M) æ R be a positive and symmetric bilinear form (with associated norm Î · Î“) and C

a Casimir function. The Casimir dissipation is introduced in the Lie–Poisson formulation as
follows

df

dt
= {f, H} ≠ ◊“

3Ë
”f

”m ,
”H

”m
È
,

Ë
”C

”m ,
”H

”m
È4

, (14)

for some ◊ > 0. If f = H, then (from the definition of the Lie bracket)
Ë

”H

”m ,
”H

”m

È
= 0, giving

dH

dt
= 0 ≠ ◊“

3
0,

Ë
”C

”m ,
”H

”m
È4

= 0,

and we see that the energy remains conserved. For f = C, we have

dC

dt
= 0 ≠ ◊“

3Ë
”C

”m ,
”H

”m
È
,

Ë
”C

”m ,
”H

”m
È4

= ≠◊

....
Ë

”C

”m ,
”H

”m
È....

2

“

,

thus, the Casimir decays in time when
Ë

”C

”m ,
”H

”m

È
”© 0.

The corresponding Lagrange–d’Alembert variational principle is given by (see Ref. [13, Eq.
(3.7)])

1
”

⁄
T

0
¸(u, h)dt

2
+ ◊

⁄
T

0
“

3Ë
”C

”m , u
È
,

Ë
u, v

È4
dt = 0,

for
I

”u = ˆtv + [u, v]
”h = ≠ div(hv).

(15)

Then, the Casimir dissipative Euler–Poincaré equations (see Ref. [13, Eq. (3.3)]) are

ˆt

”¸

”u + Lu
”¸

”u = hd ”¸

”h
+ ◊Lu

1Ë
u,

”C

”m
È“2

, (16)

where, for a vector field u œ X(M), u“ is the one-form on M defined by
s

M
(u“ · v)d‡ = “(u, v),

for all v œ X(M), and we recall that m = ”¸

”u . We assume that “ is such that the one-form u“

is well-defined for all u œ X(M), see Ref. [13] for examples.
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