1. Let &, denote the asymmetric random walk

fn:n1+°"+77n7

where the 7; are independent random variables with P(n; = 2) = P(n; = —1) = L.

Compute the following.
(a) P(éa=3|&=1)
(b) P& =3l =2)
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2. Let &, ¢+ = 1,2,... be independent Bernoulli-distributed random variables with
parameter p € [0,1]. Let v be the number of trials until the first “success” is
obtained.

(a) Show that
| Evie] =&+ 1 +ERDI-&).

(b) Show that
E[v] =

RS

(Hint: argue first that (a) implies E[v] = p+ (1 + E[])(1 — p).)
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3. Let &, i € N, be iid. integrable random variables taking positive values. Set
w=El&].
(a) Show that
n, = §&--6n

=
i :
is a martingale. wré. the nahecral Wé&» ,1.‘, .

(b) Find a constant « such that

G =1Inn, —no
is a martingale.
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4. In the setting of Problem 3, suppose that ny = 1 and

€ = % with probability
" ]2 with probability

SR

The process is stopped when 7, = 1 or 7, = 4.

(a) Argue why the optional stopping theorem is applicable. No need to prove
anything, argue by analogy with a standard problem.

(b) Compute the probabilities that the process is stopped at 7, = zorm, =4,
respectively.

(c) Compute the expected stopping time.
(Hint: use Problem 3(b).)

(d) Now suppose the process is only stopped when 775 = % Is the optional stopping
theorem still applicable? Explain!
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(b) Optiomal Tioppiey
E__gf] - E[ny] -1



(Problem 4 ctd.)
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5. Consider the following Markov chain.

()

1 1
2 1 2
1 1
OamOn0
1 1 1
2 2

&)

a) Write out the transition matrix.

(
(
(c) Find the periods of all states.

)
b) Identify the classes.
) .
(d) Find the stationary distribution(s).
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