1. Show that, as z — oo,
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2. (a) Let A be an open subset and B be a closed subset of a metric space. Determine

whether the following occur always, sometimes, or never; give proofs or (counter)-
examples.

(i) A\B={z € A: z ¢ B} is open.
(ii) A\ B is closed.
(iii) A\ B is both open and closed.
(iv) A\ B is neither open nor closed.

(b) Let X, Y, and Z be metric spaces, and f: Y — Z and g: X — Y be continuous

mappings. Use the topological characterization of continuity to show that the
composition f o g is continuous.
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3. (a) Let {z,} be a converging sequence of elements in a metric space X with limit z.
Show that the set

E={2}U{z,: neN}
is compact.

(b) Prove that the boundary of a compact set is compact.
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4. Let fn,9n: R — R be sequences of bounded continuous functions which converge
uniformly to functions f and g, respectively.

(a) Show that f, g, — fg uniformly as n — oo.

(b) Give an example which shows that convergence may fail to be uniform when the
assumption of boundedness is dropped.
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5. Consider the sequence of functions on [0, 1] defined by

.
fulz)=n sin .

(a) Show that there exists a uniformly converging subsequence of {f,}.
(b) What is the limit function?

(5+5)
(0 o) = @
sl ©o boumdsd  umifornby \ xe 0] ne W
By th FTC, Bio il M
(- £©1 < 1RO < gx
po B § im e €S- dfomidion o M Cam bo gam Ew&wa
{ n, Wio Tmplio Ilé‘mco'V(Mvvw‘Q)

Moo, lor x50, 20ax ¢ X, 20

) ¢
14,0 €

Wwo W?fu.a _EO'V""(’VMQ bowndiitrens  of ik‘vg .
The daien Yo {o‘mowa @ Lreacla- bocds .
(@) M OM%UQ to Cﬁ“\r««ﬁ, Yo Pviw{- Wine &/\MZJE’ Le, x fixed .

< X

— : = o
>0 " 4’° Jd 3

6

' 2 O4) . x oo (x4)
&“mn‘qu_@m/&~ew\a 4 -

5'?{&?&&'5 -



6. Let f € C([0,1]). Show that there exists a sequence of polynomials {p,} satisfying
Pn(0) = f(0) such that p, — f uniformly on [0, 1]. (5)
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7. Find a power series expansion centered at 0 for

In(1 + )

and determine the radius of convergence.
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