1. Solve the inhomogeneous transport equation

w+u, +te =0 in Rx (0,00),
U(X,O) =e " on R.
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2. Suppose u: R™ — R is harmonic with

J il dx < 0o
Rﬂ.

Show that this implies u = 0.
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3. Suppose u is a harmonic function on R™ with n > 2 such that
ulx) =x; +x on 0B(0,1).

(a) What are the minimum and maximum values of u on B(0,1)?
(b) Find u(0).
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4. Let U C R" be open and bounded with smooth boundary. Let u € C3(U) be a
solution to the Helmholtz equation with Neumann boundary conditions,

-Aut+u=f in U,
v-Du=g on oU.

(a) Show that u is the unique such solution.

(b) What can you say about uniqueness of solutions to the Poisson equation Au = f
in otherwise the same setting?
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5. Recall that the solution to the heat equation

w—Au=0 in R x (0,00},
u=g onRx{t=0}

is given by

where, for t > 0,

(a) Show that for every g € L'(R) there exists a constant ¢ > 0 such that

u(x, Ol < =
igﬂg u(x, t)] < N
(b) Show that for every g = h, with h € L'(R) there exists a constant ¢ > 0 such
that
sup Ju(x, 1)| < =
xER t

(c) Give a qualitative explanation for (b) vs. (a).

( (al
(o) From 0): lotei) | < QMC) B@\JZS ¢ € j}n";
{

==

%) vlxE) = g&x—g,’c) hoe (&) dy

R
(B eay Ky Y

R %—&i
_Lonabkey R ()
= \lwe 4t



—o
on R. '\lbw\oa.@ condibir:
) \.d%L ~OLZ',2—
0=0&) = e -wFe

= | = *ZDL%L
> 2= \ff (@m&m oct Con-me\.o(o & nacimwm )
| |
T N I (9
Wwdb, ?(mx = \I‘i““ e = \{;
?)a,& Uvo‘.o (}%*) ( %a /{!’N'\?Lfﬂﬁ N
Mnax & 8_— " n R/ULQ

Ca
|ubx) | = ‘Es7£ 2eR
[
(e lor) W L= 5 )

-~

C
Sl

) ¥ 3:@, wih,  hel,, 4w 5w§f@ Rare & 200,
v ode ao @ ouak foc B ' conamdertion V.

ho U i e el icprbebion o, G st qucbiom,
: XUNOJ&%W%M

deda. m%@c&, (il 4 com One

ﬂq(wﬂ\' 'frruk‘ e

oudd imitied,



6. Consider the equation®

ut_LLxxt+3uux :2uxu—xx+uuxxx in R x (O>OO)>
u=g on R x {t=0}.
qmozw\a

Suppose that u is a'solution such that u(x,t) — 0 as x — doo with u, and
bounded for every fixed t > 0.

Show that
M(t) = J (u2 + uf) dx
»

is a constant of the motion. (10)
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1This equation is most commonly known as the Camassa—Holm equation, though its derivation goes back
to Fokas and Fuchssteiner.




