
General Mathematics and CPS II

Exercise 23

May 9, 2014

1. Let G be a finite abelian group of order N , written additively, let Ĝ denote its dual

group, and
̂̂
G the bi-dual group (i.e., the set of characters on Ĝ).

(a) Show that for every fixed a ∈ G the map

χ 7→ χ(a)

defines an element of
̂̂
G.

(b) Show that the construction in part (a) in fact defines a group isomorphism between

G and
̂̂
G.

2. Let G be a finite abelian group of order N , written additively, and let Ĝ denote its
dual group. Show that for every nonzero a ∈ G,∑

χ∈Ĝ

χ(a) = 0 .

Then conclude that ∑
χ∈Ĝ

χ(a)χ(b) =

{
N if a = b ,

0 otherwise .

Hint: Mimic the proof of the corresponding orthogonality relation for characters as
given in class.

3. Let fA ∈ CG denote the characteristic function of a set A ⊂ G, i.e.,

fA(a) =

{
1 if a ∈ A ,
0 if a /∈ A ,

and define its Fourier transform f̂A ∈ CĜ via

f̂A(χ) =
∑
a∈G

χ(a) fA(a) .
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Set
Φ(A) = max{|f̂A(χ)| : χ ∈ Ĝ, χ 6= χ0} .

(Recall that χ0 denotes the principal character where χ0(a) = 1 for all a ∈ G.)

Show that Φ(A) = Φ(G \ A).
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