Problem 1 [2 x 8 Points]: Consider the function \/
ifx>1,

422 + 6z
f(x)_{—x—i—k’ if z < 1.

a) Find k € R such that f is continuous on whole R. Show that f is continuous on whole R for the
selected value of k.

b) Using the value of k found in a) and using the definition of the derivative as the limit of the
difference quotient prove or disprove that f is differentiable in = = 1.

Hint: You will not get credit for just applying rules for differentiation. You must use the
definition of derivative as limit of difference quotient.

Problem 2 [3 x\6 Points]: Consider the problem of calculating the area bounded by the curve y = 1+,
the z-axis, and the lines £ =0 and x = 1:

partition of [0,1] into n € N sub-intervals, and let x} be the right-hand endpoint
al. Write down the subintervals and the points z}.

a) Create a regul

Problem 3 [2 x 8 Points]: For the following sets of vectors, find the condition on the parameter b € R
such that the vectors are linearly independent:

1 —1 1
a) —1],1-b],]0
1 0 b

b) {1+x2+bx3, x + 22, 1+bm—x3}

Problem 4 [18 Points]: On the rg}ﬁ vector space polynomlals degree 2 over the interval [—1,1],

rl ‘ / /
| / [
<u, >;:/( (@) ( da:,‘ \|u||/é < |/
VN
s {1, z, 8\6 1} orthonor 1‘? In case t,hey are |£ot ¢rthono‘m , how
dothey need to be scaled to become orthonormal? Give-: éasoning for all parts o y&éur answer
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Problem 5 [2 x 8 Points]: Consider

1 4 3 2 5 2
4 8 12 9 0 o 8
A= 34 9 7 =5’ b= 6
2 8 6 5 6 4

a) Determine the rank, nullspace, and nullity of the matrix A.

b) Find a particular solution 7 for the non-homogeneous system AZ = b. Use p and your result from

a) to describe the general solution to this non-homogeneous system.

Problem 6 [2 x 8 Points]: Compute the following integrals:
1

a) /@md:ﬁ

0
3 _ -z
b)/eedx
0

et 4+ e %

Problem 7 [6 + 2 4+ 2 Bonus Points]:

a) Prove the reduction formula

' 1 n—1
/ cos” (x) dr = — cos™ ! (x) sin(z) + "
, n n

/ cos”" " ?(x) dx

Hint: You will need integration by parts and the fact that cos®(x) + sin®(z) = 1.
b) Use part a) to evaluate [ cos?(z)dz.

c) Use parts a) and b) to evaluate [ cos?(z)dx.
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Write your answers in the booklet, structure your solutions well!

Give reasoning and clearly indicate your final answer or conclusion!

Blue or black pen, no pencil!

No calculator with functions for differentiation, integration, vectors, matrices!

Problem 1 [8 + 10 Points]: Given the following functions f(z), find lima,_,o L&D =/@)

xT

a) f(z)=a%—4, b) f(z) =4a®+ 322 + =

Hint: You will not get credit for applying rules for differentiation. You must calculate the limit of
the difference quotient.

Problem 2 [12 Points]: Compute the following integral, using-integration by parts-and-substitution:

/x7\/5 + 3zt dx.

2z1 + 22
£}
Problem 3 [6 + 10 + 8 Points]: Consider the linear map 7 : R3 — R*, where T<m2> S N

2xo + 4x3
3 x1 + 3
a) Find the standard matrix A (i.e. for the Euclidean bases) associated with 7. (2 | ©
ﬂ I -l
b) Determine nullity and rank of A. Give reasoning. K A= 0 2 U
\ \ | l
c) Determine the nullspace of A. Give reasoning. % "Jua/*"l %o = {0 o
(’DO|| PO O N ;? . A-3 /
(@, . K = - (O] ‘é‘ - = =7 mk A= , MML%/\:O to
) 31 3) ™ \e% 3/ e B0 o rak At udlihy A= S (F cdunno & A
Problem 4 [2 + 4 4+ 6 Points]: Consider the vector space V of functions f : [0,1] — R which are

continuously differentiable. We dgfine an inner product by

b) {1+t7t3,72+3t7t2+2t3,1+t2+5t3}
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Problem 6 [8 4+ 10 Points]: Given f(z) = v/25 — 22 consider the Mean Value Theorem (MVT) for
this function over the interval [—3, 5].

a) Sketch the graph of this function in the coordinate system below. Label the points that determine
the secant relevant to the application of the Mean Value Theorem.

b) Find the value ¢ € [—3,5] which is guaranteed to exist by the theorem. Place the point (¢, f(c))
in the coordinate system below.
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Problem 7 [24-2+46 Bonus Points]: For n € N consider the identity

T o o (2n)! =«
/0 sin”"(x) dox = (a2 270

a) Prove the identity for the case n = 1.

b) Using a), prove the identity for n = 2.

c) Assuming that the identity is true for some fixed n € N, prove that it is also true for n + 1.

Hint: You will need integration by parts and the fact that cos®(x) + sin?(z) = 1.
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