1. Let X be a Banach space such that for some U C R " openand 1 <p<p <oo, Xis
compactly embedded in LP(U) and X is continuously embedded in L9(U).

Prove that X is compactly embedded in any L™(U) with r € [p, q). (5)
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2. Let
U={xeR™ 0<x, <L}

denote the region between two parallel hyperplanes. Show that, for all u € W
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3. Let U C R™ be open and bounded. Show that A is the smallest eigenvalue of the
Dirichlet Liaplacian, i.e., is the smallest real number such that

—Au—-Au=20 inU,
u=>0 on oU

has weak solutions u € H}(U) if and only if 1/A is the smallest constant ¢ such that
ullf2 < clIDulfz (ﬂl’)

for all u e Hj(U). (5)

Wk fmow from darg bhok He Doadlld Lulociam Koo w
cc\nﬁlﬂz 2~ othomorad ot o amgmfunchiono € € H (D) witd
(,oﬁ'il‘?mxoli.mé WWM}D O< )\5 <‘)\z < )\5 e, 90 Pk

. = \ De-Dy dx - X;fe-v dx =0 Yve Hy(U
<Le”v>H",H}, E S‘:DLL v )G )

U
| > 4
Pow. ve H(U) e am wnbe U= U e oo H
“&”“' KG\' M'{) © Yo g Cz| F
ﬁI}ollz;_ = Z ULS .De;-Du olx = Z :\; e gewotx
L i=1 O =) U
- ) X 'lu_lz s A, Z Uy - >\i llull;_; *)
: (=

L=

o ‘LNCYM.U:«Q ntucetes  whew U=V, , % X, o B et comotari.

4

Ui von, ¢ v owadoce om0 thet ¢ N o ook Y omallod tiggn-
vadue, War, Q-—-%\ camadt be bt contont (or (%x) -



4. Let U C R™ be open and bounded with C' boundary. We say that u € H'(U) is a
weak solution if

J Du-Dvdx—}-J uvdx+J
u u au
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u

for all v € H'(U).

(a) Assume, moreover, that u € C?(U) n C'(U). Which second order boundary
value problem corresponds to the weak formulation above? (5)
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(b) Prove that the weak formulation has a unique solution u for every f € L%(U).

(5)
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5. Let
U={xeR3 x| <n}.

Show that the problem

—Au—u=f inU,
u=20 on oU

has a weak solution in H}(U) only if

=3V (5)
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