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Partial Differential Eiquations
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December 15, 2009




In this exam, you will prove existence, uniqueness, and some regularity for weak solu-
tions of the nonlinear parabolic PDE. The procedure is broken up to 10 parts of 5 points

each.
Let U C R™ be open, bounded, and with C? boundary, and set Ut = U x (0, T]. Let
f: R — R be C' and suppose that there exist constants ¢; and c, such that

If(z) <cqlzd  and  |f(z)] < cy

for all z € R, and let g € L2(U).
Under these conditions, consider the initial-boundary value problem for u: Ut — R,

u’ — Au = f(u) in Uy,
u=>0 on oU x [0, T], (*)
u=g on U x {t =0},

where u’ = 0¢u.

1. Define a sensible notion of weak solution for this problem.

Note: You might first want to revisit this notion after solving some of the following
questions.
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2. Define a sequence of approximate solutions u., by Galerkin truncation.

Note: What basis do you choose? Give a careful argument as to why the basis
of your choice exists. What can you say about the existence of these approximate

solutions?
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3. Show that {1} is bounded in L= ((0, T); L2(U)) N L2((0, T); HH(U)), and that {u;,} is
bounded in L2((0, T); H'(U)).
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4. Conclude the existence of subsequences, still denoted u., and u;, such that

Up — U weakly in LZ((O,T);-H(])(U)) ,
u,, — v weakly in L*((0, T); H™'(U))

and show that u’ = v.
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5. Prove that the limit function u indeed satisfies the weak formulation of the problem
from problem (1).

Note: The attainment of the initial condition will be considered later.
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6. Show that u e C([0, T]; L2(U)).

Note: Explicit proof is required. However, there is no need for using mollifiers; you
can use the approximating sequence u,, you already have.
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7. Show that t — [Ju(t)||?, is absolutely continuous with

forae. t € [0, T].
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8. Show that u(0) = g.
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9. Prove uniqueness of weak solutions.
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10. Show that if g € H}(U), then

w e L0, T); Hy(U)) nL3((0, T); HZ(W)).
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