1.

Partial Differential Equations

Midterm Exam

Solutions

(a) Solve the partial differential equation
u+22u, =0,
where u = u(x,t) on the open first quadrant of the (x,¢) plane.
Hint: Show that z(s) = u(x(s), s) is constant if 2'(s) = x2(s).

(b) Draw the characteristic curves, then state a set of boundary and/or initial condi-
tions that specify the solution uniquely in the first quadrant of the (x,t) plane.

(10+10)

Solution:

2'(8) = up(x(s),8) 2'(s) + us(w(s),8) = up + v*u, = 0.

Now the characteristic curves are the solutions of the ordinary differential equation
7'(s) = 2%(s):

dx x
dt = —, s=ax5t —a 7, Ty =
x? 0 T 14 s
The characteristic curve which passes through any point (z,t)

_(:r;(s), s) in the (open)
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Moreover, the t-axis is also a characteristic line. Thus, in the first quadrant, we need
to specify initial data
u=g  onl0,00) x {t =0}

and the solution is given by

s -o{r)

2. Let U C R™ open and bounded and u € C?(U). We say that u is superharmonic if

—-Au>0 inU.

(a) Prove that for superharmonic u,

u(z) > ][ )y

for all B(z,r) C U.

Note: Do the computation explicitly. Simply referring to the homework is not
enough.

(b) Show that if u is superharmonic and « > 0 on U, then v > 0 in U.

(10+10)

Solution:

(a) Set

Then

The rest is to mention that lim ¢(r) = u(z).

r—0



(b) Let us prove that minu = r%[i]n u. Assume that minu < rg(ijnu (it can not be
U U

greater, since OU C U). Then J3z¢ € U° such that u(zy) = minu. For B(xg,r) C
U

U we have (see above)

u(xg) > udy > min wu.
(0)_][B(IM) y_B(mO’T)

Hence w is constant on B(zg,r). Assuming that U is path-connected, for any
x € U there exists a continuous curve v: [0, 1] — U with v(0) = zy and 7(1) = x.
Set

s* =sup{s € [0,1]: u(y(t)) = mUinu for t € [0, s]}

By continuity, u(y(s*)) = minu. Moreover, s* = 1 because if not, we apply the
first part of the argument with zo = ~(s*) and arrive at a contradiction to the
maximality of s*.

3. Recall that the solution to the heat equation

u—Au=0 inR x (0,00),
u=g onRx{t=0}

is given by

where, for ¢t > 0,
O(2,t) =

(a) Show that if g is an even function, i.e. if g(x) = g(—=x), then u(-,t) is even for
every ¢t > 0.

(b) What does this imply for the solution of the heat equation on the halfline with
Neumann boundary conditions, i.e.
u—Au=0 in (0,00) x (0,00),
ur; =0 on {x =0} x (0,00),
u=g¢ on (0,00) x{t=0}7

(10+10)



Solution:

(a)

£
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O(z —y,t) g(y) dy

O(z —y,t) g(~y) dy

O(z+ 2,t) g(z)dz

O(—(—z — 2),1) g(2) d=
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)g(2)dz = u(—x,t).

(b) The problem is equivalent to

u—Au=0 inR x (0,00),
u(z,0) = g(z) on (0,00) x {t =0},
u(z,0) = g(—z) on (—o0,0) x {t =0}.

Theorem 1 [Evans, p.47] shows that u € C*° V¢ > 0. Hence u,(0,t) is well defined
Vit > 0 and is zero because u is even.

. Let U C R" open and bounded. Recall that 1 < p < oo, the LP-norm of a suitably
integrable function w is defined

Ju?, = / (@) da
U

while the L>-norm is given by

||u|| ;oo = esssup |u(z)].
zelU

(a) Show that if u € C?(U x [0, 00)) satisfies the heat equation

uw—Au=0 inU x (0,00),
u=g onU x{t=0},
v-Du=0 ondU x (0,00),

and p > 2, then
luC )l < llgll -

Note: For simplicity, you may assume that p is an even integer.
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(b) Prove that, provided u € C(U),

tim ] o = [l

Note: The statement is also true if u is only L*, but the proof is not so elementary.

(c¢) Explain why (a) and (b) imply yet another proof of the maximum principle for
the heat equation.

(10+10+10)

Solution:

(a)

d
Huxt“ = /|u )P dr=p /]uxt|plutwt) =

— / ) a0y do = —plp = 1) [ Jule 0P Duir )P o +
U U
+ [ a2 Dulw, ) do = <o 1) [ Juta, )P 2\ Dutz, ) do < 0.
U

oU
lutz, 0}, = o),
(b)
1/p
||u||Lps(/U ||uupwdx) — lully - 5 U) = fullye a5 p— oo.

Then V 0 < M < ||u||;~ consider Uy := {|u| > M}. The set is nonempty, since
u € C(U). Then

1/p 1/p
ullp > (/ lu(zx)|? da:> > (/ | M|P dx) = M'#(UM)”” — M asp — 00.
Unmr Unm

Since M can be chosen arbitrarily close to ||u||;~, the statement follows.

(c) Let p — oc.
5. Show that for solutions of the wave equation
—Au=0
on R™ x (0,00), where u(-,0) has compact support, the energy
E(t) = / (uj + |Dul?) da

1s constant in time.



Solution:

1.
§E<t> = / (ututt + Du - Dut) dz

lim v-Du-u;dS+ / (utAu — Auut) dx

R—o0

8B(0,R)
=0.

n

From the first tot he second line, we used integration by parts. The first term in the
second line vanishes due to the assumption on the compact support of the initial data
which, due to the finite speed of propagation of the wave equation, remains compactly
supported for all times ¢t > 0, the second term vanishes when plugging in the wave
equation.



