Partial Differential Equations

Final Exam

Solutions

1. Consider the homogeneous Helmholtz equation on R3,

(a)

(b)

(1—Au=0.

Show that if u is a radial solution, i.e. u(x) = v(r) with r = |x|, then

v—%v'—v”:O.
T
Solution.
Du(x) =Vv/(r)Dr = v'(r)%,
Au(x) = D -Du(x) = D P%ﬂ:]:v%ﬂ+m%ﬂr—v%ﬂ%éxzv%ﬂ+m%ﬂ,
0=(1—-Aux) =v(r)—v"(r) —v’(r)i.
Show that
eir
vi(r) = "

are two (independent) radial solutions. Which one would you consider to use
as a fundamental solution for the Helmholtz equation?

Solution.
eir eir eir eir eir eir
vi(r):_rzi r’ VII(T):ZFZF?:FV—F T’
2 2 1 2 2 2 2 2 2
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v_(r) vanishes at infinity and hence can be considered as a fundamental solution
for the Helmholtz equation.
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2. Let U C R™ be open and assume that u: U — R is harmonic.
(a) Show that, for any i=1,...,n,
n
[01u(x)] < N [t @B (x,m)

so long as B(x,r) C U.
Hint: Mean value formula.

Solution. The mean value formula reads
u(x) = f u(y)dy = ][ u(y)dS(y) = ~J[ u(x+rz)dS(z) = j[ u(x+rz)dz.
B(x,1) 0B(x,1) 0B(0,1) B(0,1)

Then, since du;(x) is also harmonic,

1 1
dulx) = | dufuldy = | dmlyidy = oo | uly)dS(y)
B(x,1) x(n)r x(n)r
B(x,r) 0B(x,1)
Here we applied the Gauss formula. Then
[ e (@Bx,) J na(n)rv!  n
0i < ———— dS(y) = % (3B(x,1) o = % (3B(x,1))-
[diu(x)] < () (y) = [[wffte aBx,m) X e @B
9B(x,r)
(b) Then conclude that
n
[0u(x)| < ) e B2

provided B(x,2r) C U.
Hint: Mean value formula.

Solution. First we note that if y € B(x, 1), then Vz € B(y,r) = z € B(x, 2r)
due to the triangle inequality. Then

1
J w(z) dz € ——— |l sy, Y € B(x,1).
x(n)r

B(y,r)

In particular, it holds for all y € 0B(x, r) Therefore

00 = < .
([l @meern = max fufy)l < “(n)rnHuHU (Blx,2r))
Result of 2a gives
n
[01u(x)] < ?Hu”LO"(aB(x,r)) < ) ullLr Bx,2r))-
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3. Let U C R™ be open and bounded. Consider the Poisson equation with so-called
Neumann boundary conditions,
—Au=f inlU,
v-Du=0 onolU.

Show that this equation cannot have a solution unless

J fdx=0.
u

Solution.
dex:—JAudx:— Jv-DudS =0.
u u au

(10)
4. A function u € L} (R x R) is called a weak solution of the wave equation on the
line if
J J u(x,t) (vtt(x,t) —vxx(x,t)) dxdt=0
RJR

for every v € CZ (R x R).

(a) Show that if u € C*(R x R) is a classical solution of the wave equation, it is also
a weak solution.

Solution.

”u(x, t) (Vielx, t)—vs(x, 1) ) dx dt = J Jut(x, tIve(x, t)—Ux(x, t)ve(x, ) dx dt =
RR R R

= JJutt(x,t)v(x,t)—uxx(x,t)v(x, t)dxdt = JJ(utt(X’ t)—U(x,t))v(x, t) dx dt = 0.
R R

There are no boundary terms, since v € CF(R x R).

(b) Verify, by explicit computation, that

1 forx>t
u(x,t) =
0 forx<t

is a weak solution of the wave equation.



Solution.
~+o00

Jju(x, t) (vtt(x,t)—vxx(x, t)) dx dt = J_L ve(x, t) dt dx—ﬂl J Vix (X, 1) dx dt =

RR t

= Jvt(x,x) dx + va(t,t) dt = J(Vt(y,y) +vx(y,y)> dy =0.

R R R
(5+10)
5. Consider the Korteweg—de Vries equation
Up — 6UUy F Uyyye = 0
on T x (0,00). Show that
M = J udx,
T
E= J u? dx,
T
and
T
are all constants of the motion.
Solution.
d
—M = Jut dx = J (bUly — Uyy) dX = (3U? + Uy )| =0,
dt T
T T
1dE:Juu dx:J(6uzu —uu ) dx = 2u? —|—Ju U dx =u?| =0
2 dt t X XXX T x Uxx X T )
T T T
d . 2 _ 2 _ 2 _
aH = J(uxuxt+3u ut) dx = Jut(uxﬂ%u ) dx = J (6UU, — Uy ) (uxx+3u ) dx =
T T T
= J(6uuxuXX — Uyl + 18U — 3u2uxxx) dx =
T
2 90 4 ? 4 2
— (6uuxuxx — [ui,Jx + E[u Ix — 6uuxuxx) dx = 2u —uyl| =0.
T T
There is no boundary terms, since T has no boundary.
(5+5+10)



6. Let H be a Hilbert space and u, a sequence in H. Show that the following are
equivalent.

(i) un — u strongly;

(ii) un — u weakly and ||un|| — ||[ul/.
Solution. ”=" By definition,
U, —u & |lun —ulln — 0.
Using the triangle inequality we conclude
[[unli =l = e = w i = i < e =i+ luffn = Julfn = [un =l

[unlln=[[wlln = [lnflu ==t tn][n 2 /= lle =t [ a = tn][n = —[[u—tnflne

Hence,
el = hulln] < [[un —wll — 0.

The Cauchy-Schwarz inequality gives
[ =, W] < Jlun —wfu Wl =0 ¥w e H.
Consequently,

(Un, W) = (u, w) VYweH & Un — U

7&"” By definition,
(Un —u, w) — 0 Vw € H.

Take w:=u,, —u. Then
[t =l = (= U = 1) = [Jun[§ = 2w, )+ [[ulffy = ([l [f — [[ullf

Since the right hand side vanishes, we have u,, — u strongly.
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