Partial Differential Equations

Homework 8

due April 25, 2007

In the following, T denotes the 1-torus, i.e. T = R mod 2.
1. Let f,g € LY(R"), i.e.
[fllzr= [ |f(2)lde <oo;
Rn

similarly for g. Show

(a) lim [ |f(z) = f(z —y)[dz = 0.

y—0 R”
Hint: Use mollifiers.

(b) 1 * gllr < WAl llgll e
(c) Suppose that, moreover, g € L>=(R"). Conclude that f * g € C(R") N L'(R").

2. (a) Consider a sequence u,, € L* with u,, — u € L* weakly. Show that
[l < Tim inffu, | ()
n—oo

(Remark: This statement is actually true for any Banach space.)

(b) Give an example where (*) holds with strict inequality.
3. Prove that C(T) > H'(T).

4. (a) Show that, for every u € L"(T) with 2 < r < o0,
ﬂ
lull 2 < (2m) 2 Jlull ., .

Hint: Holder inequality.

(b) Consider the Fisher-Kolmogorov equation on T,

Up = Upy + (1 —u)u™,
u(0) = u™,



where m is an even positive integer. Use the result from (a) to sharpen the L?
estimate derived in the lecture as follows: Show that

limsup ||u(t)||,. < C

t—o00

||L2

where an explicit estimate for C' can be given which, in particular, shows that C'
does not depend on the initial data u'™.

5. Show that if u™ > 0, the solution u(t) to the Fisher—Kolmogorov equation remains
nonnegative for every t > 0. You may assume that u is as smooth as you need.

Hint: This is similar to Homework 6, Question 2.



