Engineering and Science Mathematics 2B

Solutions to Midterm 11

Sonke Mittwollen

1. (E) Define an inner product on R? by

(u,v) = u’ Av with A= (? }) :

() ()

orthogonal with respect to this inner product? Explain.

(A) Show that (u,v) = w! Av defines an inner product on C" provided that A is

a Hermitian n x n matrix, and provided that all eigenvalues of A are strictly
positive.

Are the vectors

Answer:

(E) Two vectors are orthogonal with respect to an inner product iff the inner product
of the two vectors is zero.

(v,w) = v T Aw = (1,1) G 1) (_11) =(1,1) ((1)) =1#£0,

therefore the two vectors are not orthogonal.
(A) What has to be shown:
(a) (w,v) = (v,u)"
(b) {u, A + i) = A, 0) + il w)
(¢) (u,u) =0iff wu=0, and (u,u) > 0 otherwise.
Solution:

a) For complex SC&I&I‘& the Hermitian conjugate equals the COI’leGX Conjugate,
Jjug
so that

<’U, 'U,>* = <'U, u>H

= (v Au)?

— ’U,HAH<’UH>H
=uf Ay

= uf Av, since A is Hermitian

= <’l.l,, ’U>



(b) By direct computation,

(u, W + pw) = u? A\w + pw) = u? (Ao + pAw) = ' Av + pu Aw
= Mu, v) + p{u, w)

(c) Since {vy,...,v,} form a basis, an arbitrary vector w can be written

n
w = E O Vg,
k=1

and we see that .
(w,w) = Z)\k |a|®.
k=1

Since A, > 0, this expression is always non-negative, and is zero only if all oy,
are zero, i.e. if w = 0.

2. (E) Find an orthonormal basis for the subspace of R? spanned by

1 1
V1 = 1 s Vo = -1
1 1

(A) Find an orthonormal basis for the subspace of C[0, 7] spanned by
flw) =siz,  fole) = cos’x,

with respect to the inner product

(f.9) = /o Wf(x)g(x)dx.

Answer:
(E) Using the Gram-Schmidt procedure, we get:

U1 1 1

n|y = = 1
forl ~ 3\

bg = Vg — <b1,’l]2>b1 = —1 —

1 1
np=—o [ 2| =—= | -2

VI+4+1\ 4 V6 1

Now {mni,my} is an orthonormal basis of the given subspace.
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27 27
1)) = / P2 a) da = / sin' 2 da

With the given formulas we find

.4 <1—cos2x>2 1—2cos2x+cos®*2r 1 1 5 +1(1+ 1)
nfr=(——m] = = _ - -
sin® x 5 1 1 g Cos2rt g cos4dx
3 1
= — — —cos2r + —cosdx,
8 2 8
so we get
2m 2m 2m
3 1 1 3 3
||f1(£17)||:/0 —da:—/o §cos2xdx+/0 gcos4xd3::27rgzz7r
2
ni(x) = Si@) = sin®

IA(@) - v/3r
by(z) = fa(x) = (m(2), fa(z))ma (2) = folz) — %(fl (), f2(2)) f1 ()

2m 2m
1-— 201 — 2
(f1(x), fa(x)) :/ Sin2£(ZCOS2l‘d:L':/ COBAT L T OB g
0 0 2 2
27 27
1 1 1 1 4
:/0 (1—100822x)dx:/0 (Z—w)dx
.m
4
4 1 4 1
by() = cos® z — % I sin?x = cos®x — 3 (1 —cos’z) = 500823: —3

The following normalization was not needed

4 1\’ 1 1
|62 () || :/ —cos’x — = dm:/ —60084:17—§cos x4+ = |dz
3 3 N 9 9
( (1+cos2x)2 81 + cos2x 1)
—c——F——+ - |dx

9 2 9

I
w|§{’hh

4 1
(14 2 cos 2z + cos” 2x)+§(1+0082x)+§> dx

2 _
cos x+9 5

©Ir—k @I.-l;

41 4
+ cos x) i

ny(x) = (4 cos’z — 1)

2~
3



3. (E) Show that the Fourier coefficient with wavenumber k = 1 of the function

{x for0<z <

r—m form<z<2mw

fz) =

1S zero.

(A) Let f be a m-periodic function on the interval [0, 2], i.e. f(z) = f(x + 7). Show
that the Fourier coefficient f; = 0 if k is odd.

Answer:
(E)
2w ] T 2w ]
V2 fi, = / ek f(x) de = / ezk“:xda:jt/ e* (¢ — ) da
0 0 T
Substitution y = z — 7 and dx = dy gives
:/ e g dr +/ eyt y dy
0 0
= / e dr 4 *7 / ™y dy
0 0
= 0 for k = 1, because '™ = —1
(A)

V2r fi = /7r e* f(x) dr + /27r e* f(x) dx
0 s

Substitution y = z — 7 and dx = dy gives
:/ e*® f(x) dx +/ R £y + ) dy
0 0
= [ e et [ e ) ay
0 0

= 0 for odd k, because ™"+ = _1

4. (a) Derive the Parseval identity
| verar= [ ifePae.

(b) Show that the Fourier transform of

f(x):{l for —1 <2 <1

0 otherwise.

Fien zsiné
f(f)_\[rg‘

is given by




(c¢) Use (a) and (b) to prove /Oo
(a)

| It

sin? &

§

d¢ =.

2

)P di = / ) (@) de

:/:%/m e fe(n dn/m ¢ F(¢) dé d
LA L

S fscar

JGRE

1

it _
fo= g [ e swan= 4 |
1 2615—ei’5_\/§sin§
N R K
(c)
> sin® ¢ oo [ 2 sin&\2 )
/. dgﬁ/m(\g ) e

5. Let f be a real-valued odd function, i.e. f(—

) = —f(x).

(a) Show that the Fourier transform f is also odd.

(b) Show that the Fourier transform f is purely imaginary.

Answer:

(a)

e 8 dy = ——

)f (&) dnd¢

) di dé = / Fe

1 -1, ,
(7 — &)

Vo i€

1
(a).(b) E/ 2dy — =
2 )

Substltutlon y = —z and dxr = —dy
- %2_7? ) f(y)dy
= | e
T Ver
———= [ e rma= -



(b) We have to show tht f*(£) = —f(¢).

¥ —1§:c
7 m = e )
zf:r:
VR =) e
\/ﬁ / e*” f(x)dr since f is real; this is the RHS of (1)

= /(&)



