Engineering and Science Mathematics 2B

Midterm I1I
April 9, 2003

1. Diagonalize the matrix

Le., find a diagonal matrix D and a change of coordinate S such that D = S~tAS.
(10)

2. (E) Are the eigenvectors of the matrix in Question 1 orthogonal?
Explain why you can answer this question without even computing the eigenval-

ues. (4)
(A) Let A be a Hermitian matrix with eigenvalues Aq, ..., A, and corresponding or-
thonormal eigenvectors vy, ..., v,. Show that
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3. (E) Find an orthonormal basis for the subspace of R? spanned by

1 1
vi=11], vy = | —1
1 1

(4)
(A) Find a basis of R? which is orthonormal with respect to the non-standard inner
product

(u,v) = u’ Av with A = (? D :

(5)

4. (E) Let A be a Hermitian matrix, i.e. A = A and consider the standard inner
product where (u, v) = ufv. Show that

(u, Av) = (Au,v) .



(A) Consider the vector space of bounded differentiable functions with bounded first
derivatives which, moverover, satisfy f(0) = 0. On this vector space we define the
inner product

(f.g) = /0 " ) g@) e da

Lf= e‘”i (e_‘” %)

is Hermitian, i.e. that (f, Lg) = (Lf, g). (5)

Show that the operator

5. Show that if f is an even, real-valued function, i.e. if f(z) = f(—=z) and f*(x) = f(x),
then its Fourier transform is a real-valued function as well. (5)

6. (E) Show that F(f(z+a)) = e%® F(f), where F(f) = f denotes the Fourier transform

of f. (4)
(A) Show that if f is periodic with period a, then f(é) = 0 unless éa = 27n for some
integer n. (5)

7. Compute

/ §(e* —1)e*dx.

o0

8. (E) Show that the Fourier transform of

f(m):{o for:v<0.

e *sine forx>0
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Hint: You may use the result from part (A) without proof. (10)

(A) Prove that



