A DIRECT CONSTRUCTION OF A SLOW MANIFOLD FOR A
SEMILINEAR WAVE EQUATION OF KLEIN-GORDON TYPE
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ABSTRACT. We study a semilinear wave equation whose linear part corre-
sponds to the linear Klein—Gordon equation in the non-relativistic limit, aug-
mented with a nonlinearity that is Fréchet-differentiable over the complex num-
bers. We show that this equation possesses an almost invariant manifold in
phase space that generalizes the slow manifold which is known to exist for
finite-dimensional Galerkin truncations of the system. This manifold is shown
to be almost invariant to any algebraic order and can be constructed in the
H*5~! x H* phase space of the equation uniformly in the order of the approx-
imation. In particular, we prove that the dynamics on this “slow manifold”
shadows orbits of the full system over a finite interval of time.

1. INTRODUCTION

We study the semilinear wave equation
£0tu —i0u — Au = g(u) (1)

in the limit of small ¢, where u: [0,7] x T — C, Au = d?u denotes the Laplacian,
and g is a Fréchet-differentiable function on H*(T) for some s € R. Written as a
first order system of evolution equations

Ou=v, (2a)
edw =1iv+ Au+g(u), (2b)

the problem has a formal resemblance to the finite-dimensional two-scale fast-slow
system

i=p, (3a)
ep=Jp—VV(q), (3b)

where ¢: [0,T] — R?? is the vector of positions, p is the vector of corresponding
momenta, J is a symplectic matrix, and V is a smooth potential. In finite dimen-
sions, there is an asymptotic separation of time scales: the linearized dynamics has
d “slow” eigenvalues of magnitude O(1) and d “fast” eigenvalues of O(e71). It is
straightforward to construct an almost invariant slow manifold to O(¢™V) and it is
well known how to achieve invariance up to exponentially small terms [4, 12, 16].
Similar results are possible with an infinite number of fast degrees of freedom [9].
In our context, however, Nekhoroshev theory is not applicable due to the lack of as-
ymptotic separation of scales. Nonetheless, we are able to show that some remnant
of typical conclusions of Nekhoroshev theory continues to hold true: We construct,
to an arbitrary order N, a manifold in phase space that is invariant over O(1)-times.
1
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To do so, we revisit the explicit construction of an O(eV*+1) slow manifold p =
FY (g) in the finite dimensional case. It is based on the ansatz

S

N
Flow(@) =) fula) €, (4)
k=0

where the coefficient vector fields f are determined by the condition that the
evolution equation for the fast residual component w = p — FY (q) is of order

O(eN*1). This will directly lead to a shadowing result of the form

sup [lq(t) — Q(t)[| < ce™ !, (5)
t<T

where ¢ solves (3) with prepared initial data pg = Fyow(go) and @ solves the slow
equation

Q = Fiow(Q) (6)
with Q(0) = go.

The situation for (1) is different, even in the linear case. Since the Laplacian is
unbounded, there is no spectral gap between the families, parameterized by &, of
eigenvalues that remain bounded and those that diverge as ¢ — 0. On the level
of the asymptotic construction, we observe that an iterative construction of the
slow vector field as, for example, described in [7] will involve composition with the
Laplacian, i.e., lead to a loss of two derivatives in Sobolev space per iteration. This
loss of derivatives is observed in related perturbation problems, e.g. [14, 18].

In this paper, we show, focusing on the equation (1), that it is possible to con-
struct an infinite-dimensional analog of the approximate slow manifold in the ex-
ample above. It is the graph of a nonlinear mapping which is the sum of a linear
operator from H*(T) into H*~!(T) and an iteratively constructed nonlinear map
from H*(T) into itself. This “slow manifold” (i) is invariant up to terms of O(eV+1)
in the H*(T) topology and (ii) can be seen as a regular perturbation of a nonlinear
Schrédinger equation which is the leading order non-relativistic limit of equation
(1). (For a justification of the leading order asymptotics of the semilinear Klein—
Gordon equation, see [11, 17].)

To be concrete, we note that (2) with g = 0 is easily block-diagonalized. Its
eigenoperators must satisfy the characteristic equation

eli —iLli—A=0, (7)
so that
[y —jiEvizdea ”;;%A. (8)
Clearly, there is no spectral gap between the two eigenoperators. However,
gi_{% L_(e) »iA 9)

in the strong operator topology of H*® whereas the sequence L (¢)u diverges for
any nonzero u € H?®. In this sense, we shall speak of the subspace of phase space
associated with L_ as the slow subspace and the subspace associated with L. as
the fast subspace.

In the general case, i.e., when g # 0, we seek an almost invariant submanifold
in the phase space on which the dynamics is given by an evolution equation of the
form

U =L_U+EY (U), (10)

slow
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the infinite dimensional analog of the slow equation (6). The vector field FY  is
again sought in the form (4), where the coefficient vector fields are constructed
iteratively in Section 2 below. The novelty of our construction is that each of the
coeflicient vector fields fi, under suitable assumptions, maps H? into itself. We
note that, even in finite dimensions, we cannot expect the existence of a truly
invariant slow manifold [12]. Classical Nekhoroshev theory [16] provides “almost
stability” of the manifold over exponentially long times. Here, the result is much
weaker, namely valid for times of order one for the slow limit system.

Our result can be paraphrased as follows. Suppose g is sufficiently smooth and
complex Fréchet-differentiable. Let ug € H*(T) for s sufficiently large but otherwise
fized. Then for every N there exists a slow vector field FY  such that when U solves
the slow equation (10) and u solves the full system (2) consistently initialized with
v(0) = L_ug+FEY  (up), then there is a time T > 0 which only depends on the time
of existence of the slow equation such that the full solution u exists on the same
interval of time and there is a constant C > 0 such that, as ¢ — 0,

sup |lu(t) —U®t)|s < CeNTL. (11)
0<t<T

A precise statement of the result is formulated as Theorem 7 in Section 5. We
emphasize that the time interval of validity is physically meaningful (i.e., says
something about the solution of the original PDE) in the sense that every fixed,
finite interval of time can be used so long as the limit dynamics remains bounded,
then ¢ can be chosen as to make the shadowing error as small as one likes. Thus, the
slow solution is visible as a finite-time model for suitably initialized full dynamics.

Equation (1) is related to the semilinear Klein—-Gordon equation

h2
2mc?

h2 2
0P = 5 A+ o= = F(W)e, (12)

where A is the Planck constant, ¢ is the speed of light, m and is the mass of the
particle. As in [17], we choose units in which m and 7 take the value 1 and set
e = 1/(2¢?), so that € — 0 corresponds to the non-relativistic limit where ¢ — oco.
Then, inserting the modulated rotating wave ansatz

¥ = u exp(imc?t/h) (13)

and rescaling space such that, for convenience, the prefactor in front of the Laplace
operator takes the value 1, we obtain

cdPu— i — Au= f(|lul*)u. (14)

Note, however, that u + |u|? is not Fréchet-differentiable in vector spaces over C so
that, in general, u — f(|u|?) u is not Fréchet-differentiable over C. Thus, the class
of nonlinearities g we consider for equation (1) generally does not correspond to a
classical Klein-Gordon nonlinearity as in (14). It is open whether our result extends
in some form to nonlinearities that are only differentiable over R. Our construction,
however, depends crucially on Fréchet-differentiability over the complex numbers.

Let us mention some related results. Masmoudi and Nakanishi [13] studied the
non-relativistic limit of the Klein-Gordon equation in the form (12). They make a
solution ansatz in the form of a pair of left and right rotating waves,

Y =u_ et 4 Ug et 4 o(1), (15)
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and prove that this decomposition holds true for general initial data in the energy
space H', where u_ and u, satisfy a pair of coupled nonlinear Schrédinger equa-
tions with a certain averaged potential. Lu and Zhang [10] recently obtained a
next-order correction in the same setting; a number of recent papers also use this
ansatz as a starting point for developing asymptotics-preserving numerical schemes
[1, 2, 3, 5, 6]. Thus, our result differs from these references in that we seek asymp-
totics to any order in a uniform functional setting at the expense that we are
required to work with prepared initial data.

We have shown in an earlier paper [15] that when g is a linear operator, the
corresponding slow vector field can be constructed via the solution of an operator
Sylvester equation. The construction here provides a different integral representa-
tion for the solution of the required order conditions, but leads to an equivalent
statement in the linear case. Neither of the two expressions give rise to a straight-
forward numerical scheme. However, they enable estimates which we believe are an
essential ingredient for proving a shadowing theorem for solutions of slow equations
that arise from variational asymptotics, analogous to what is known in finite dimen-
sions [7]. These variational slow equations are indeed computable with standard
methods.

The remainder of the paper is structured as follows. In the next Section 2, we
describe the iterative construction of the slow vector field and prove a result on
the solvability of the order condition. The resulting estimates on the slow vector
field are derived in Section 3. Section 4 discusses the Cauchy problems for the full
system (1) and the slow equation (10). In the final Section 5, we prove the main
result on the shadowing of orbits to the full equation by the slow dynamics.

2. THE ITERATIVE CONSTRUCTION

Our construction modifies the naive approach in two respects: we are using the
exact splitting (8) into fast and slow invariant subspaces in the linear part of the
equation, and we move certain next order terms into the order condition of the
previous order.

To begin, we introduce a “fast” variable

w=du—L_u—FNT(u), (16)

slow

where u solves (1) and F)"!(u) is sought as an expansion in powers of ¢ in the

form (4). Differentiating (16) and noting that

i
-—L_ =1L 17
c +> ( )

we obtain equation (1) in u-w-variables:

Ou=L_u+ FY (u)+eN fyi(u) +w, (18a)
1
Ow = Lyw — DEN Y (w)w + Ly FA P (u) + - g(u)
= DF3 (w)Lou = DFAE (u) Fgt (u). (18b)

We now seek coefficient vector fields fi(u) such that all but the first two terms on
the right hand side of (18b) are eliminated up to an O(e¥*!)—remainder. However,
as we shall see, a naive approach will lead to loss of derivatives. Indeed, noting
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that L, is an operator of formal order O(¢~1), we would seek order conditions

e Ly fo(u) + g(u) =0, (192)
e Ly frir(w) = Dfs(w)Lu+ Y Dfi(u)fi(u) =0. (19b)
Jjt+Hl=k

Setting K = (L)™', we obtain the recursion
folu) = —Kg(u), (20a)
fer1(u) = K(Df(w)L_u) = K > Dfj(u)fi(u). (20b)
jH=k

We note that K is a positive, self-adjoint, compact operator. However, it is not
uniformly compact in €. In fact, it is easy to verify that, for v € H?,

1
IZ-olier < 2 ol (21a)
||L—U||s—2 < ||UHsa (21b)
1Kol < [ols, (21¢)
1 Kllass < —=lo] (21d)
Vs S — ||V]]s -
+1 \/g

Thus, the estimation of the first term on the right hand side of (20b) will lead to
either loss of derivatives or loss of order. In particular, when estimating v and w
in the same space, order is lost completely and (20) ceases to define a well-ordered
asymptotic series.

To remedy this problem, we seek to include the “bad” term D fi(u)L_u into the
computation of the coefficient vector field at the same order k. This leads to the
alternative order conditions

eLy fo(u) —eDfo(u)L_u+g(u) =0, (22a)
eLifir1(u) —eDfia(w)Lou+ Y Dfj(u)fi(u) =0. (22b)
jHl=k

Thus, finding the fj, requires us to solve a differential equation of the form
Df(u)Au+ Bf(u) 4+ g(u) =0, (23)

where A and B are two generally unbounded linear operators.

Definition 1. Let X and ) be Banach spaces. We write C[}(X,Y) to denote the

space of functions from X to ) that are n times continuously differentiable and

such that the n-th derivative maps bounded subsets of X into bounded subsets

of L"(X,Y), the space of bounded n-linear forms from X™ to ). We abbreviate
CH(X)=Cl (X, X).

Note that when f € CL(X,)), we have

1
f(u) — f(v) :/0 Df(u+t(v—u))(v—u)dt. (24)

Thus, f € CY(X,)Y) and, moreover, f is Lipshitz with a constant that is uniform
on bounded subsets of X'.
Solutions to (23) are provided by the following theorem.
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Theorem 2. Let H be a complex Hilbert space, g: H — H a Fréchet-differentiable
function, and A and B two closed, densely defined normal operators having the
same domain D = D(A) = D(B) C H. Assume the following.
(i) 9(D) € D, g € C3((D, |- |lB)), and Dg € CJ(H,L(H)), where |||z =
|||+ | B+ denotes the graph norm on D.
(ii) The spectrum of A is contained in the closed left complex half-plane.
(iii) The spectrum of B is contained in the left complex half-plane with 6 =
dist(o(B),iR) > 0.
(iv) ™8 and e™ map D into itself and e B = Be!* on D for all t > 0.
Then the function f: D — D defined by

u) = T s TAu)d 25
fl) = [P gt ar (25)
solves the differential equation

Df(u)Au+ Bf(u) +g(u) =0 (26)

forueD.

Proof. Note first that the integral defining f is well defined on (D, || - || 5). Indeed,
due to (iv), [[e"4v]| g = [le'dv||+ [le' Bu|| < [[e}| z(30)llv]| 5 so that ™ is uniformly
bounded for 7 > 0 on (D, |- ||g). Then, as g € C2(D), for every u € D there exists
M = M (u) > 0 such that

lg(e™w)l|p < M (27)

and therefore
le™Pg(e™u)ll5 < le7?[|2(p) lg(e™ u)l| 5 < M exp(—74). (28)

This implies that (25) is well-defined as a Bochner integral and f(D) C D. Since
B: D(B) — H is closed, we can write

Bf(u) = / ~ BemBg(em ) dr (29
0
For 7 > 0, write
F(1) =e"Bg(e™). (30)

Hence,

Df(u)Au+ Bf(u) = /000 (eTBDg(eTAu)eTAAu + BemPg(emu)) dr

< d
—/O EF(T)dT

= lim F(t) — F(0) = —g(u) . (31)

t—o00

Differentiation under the integral can be justified by noting that the Fréchet-
derivative D can be cast as a closed operator which can be moved inside of a
Bochner integral by a lemma of Hille [8]. O

We apply Theorem 2 recursively with A = —¢ilL._, B = ¢iL,, and g = gy initially
to obtain the sequence of vector fields

fe = i/ "By (e u) dr (32a)
0
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and
Jk+1 = Z Dfjfm (32b)
j+m=k

which solve the order conditions (22).

3. FUNCTIONAL PROPERTIES OF THE ITERATIVE CONSTRUCTION

Lemma 3. Let N € N, s € R, and g € CY (H?®). Then fy is well-defined by (32a)
on H®. Further, for all k € {0,...,N},

g fr € Cp TH(H?). (33)

If, moreover, g € C{)VH(H“”_l), the functions fi, solve the order equations (22) for
k=0,...,N.

Proof. We proceed inductively. Since g € C}Y(H?*) and the operator D) is closed,
we conclude that (33) holds for £ = 0. Let us now assume that (33) holds for some
k>0.Setl=N—k—1and write V = (vy,...,v)" € (H*)!, so that

DO f () = i / ¢ DO gy, (™)™ AV] dr . (34)
0

Further, using the Leibniz rule,

D(”(ijfm)V - Z D(l+1—|7r|)fj [D(‘”I)memVNl\ﬂ] , (35)
TrG'P(Nl)

where P(N;) denotes the power set of N; = {1,...,l}, |«| is the cardinality of
m, S € P(N;), and Vg is any vector (vs,,...,vs, ) such that {s1,...,s,m} = S
and |S| = m. The characterizations defining membership in C)' ~*~*(H*) follow
by using the induction hypothesis for f; and f,,. It follows, by differentiating

9k =D i tmep—1 Dfjfm and using (35), that
gr €CYTR(H®) C CY(H?) (36)

for k =0,...,N. This proves (33).
We now assume further that g € C)Y™'(H*~1). Then the previous assertion of
the lemma implies that
g € Ck])\f—&-l—k(Hsfl) (37)

for k =0,..., N, which in turn implies
Dy € CYF(H) c cp(H*™) (38)

for k = 0,...,N. Note that (36) together with (38) make the functions g fulfill
the first assumption of Theorem 2. Hence, applying this theorem successively with
the recursively known functions g; and operators A = —¢iL_ and B = €il, where
H = H5 ! and D = H*, we conclude that the f; solve the order conditions as
claimed. (]
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4. THE CAUCHY PROBLEMS FOR THE FULL AND FOR THE SLOW EQUATION

In this section, we study the Cauchy problem for (1) and for the slow equation
(10) on C([0,T], H*(T)). We begin by noting that (1), written as a first order
system in (2), takes the abstract form

0,0 = AU + F () (39)

U= (a?u) . A= < Ao/g i/1€>7 and  F(T) = (6_109(u)>. (40)

We cast (39) in its mild formulation

with

t
(1) = o AW(0) + / o4 P (s)) ds, (41)
0
where
oA _ ot cos(tM) — aM~tsin(tM) M~ sin(tM) (42)
e P AM ! sin(tM) cos(tM) + aM ! sin(tM)
with
V1—4eA i
M=Y"""2 ad a=_—. (43)
2¢ 2e
We first study the action of the operator group e on the space X, = H® x H*~!
endowed with the norm || || x, defined via
111%, = IMur]3_1 + 2l (44)

for ¥ = (1/11,1/12)T € Xs.

Lemma 4. Fort € R fized, e** maps X, into itself. Moreover,

le4W]lx, < 2[|¥]x, (45)
and

lim |[eAW — ¥ x. =0 (46)

t—0

for all U € X;.
Proof. Let U = (11,12)" € X,. Then we have

oA _ gat ( ;;os(tM)d{l —aM~tsin(tM)y + M1 Sin(.tM)ng ) )

e LAM ~tsin(tM )by + cos(tM )by + oM L sin(t M)y
It is clear that M~y € H*(T) and AM 14, € H*"1(T), so that eV € X,.
Take the X¢-norm of (47) and note that ||¥||x. appears as a common factor on the
right; this implies (45). Statement (46) follows from the dominated convergence
theorem. 0

Proposition 5. Let g € CL(H®) for some s € R and Vg € X;. Then there exists
T* = T*(e) > 0 such that (39) has a unique solution U € C([0,T*),X,) with
U(0) = ¥y. Moreover,

Jim [(0)] - = o (43)

if T* < o0.
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Proof. The proof is a standard contraction mapping argument on the mild formu-
lation (41). Fix R > 2||¥y||x. and define

Er = {® €C([0.7). X.): sup[[#(t)]x- < 2R} (49)

Then, since g € CL(H?®), there exists C; = C;(e, R) > 0 such that
[F(¥) = F(®)][xs < CL|¥ = P x- (50)

for ¥, ® € Er. We write T'(¥) to denote the right hand side of (41). For ¥ € Er,
using (45) together with (50), we estimate

IP(W)llx, < 2{[Wollx, +T Cr sup [[(®)]lx- < B+ T RCy. (51)
t<
Thus, there exists Ty = To(R,€) > 0 such that sup,<, [[T'(¥(%))[|xs < 2R; in other
words, Er, C I'(Er,). Further, for ¥, ® € Er,,
sup [[(W(2)) — T(®(t))[lx. < ToCr sup [¥(t) — (t)]|x- - (52)
t<Top t<Tp

Hence, there exists T) = T1(R,e) < Ty such that T' is a strict contraction on Er,.
Thus, T" has a unique fixed point ¥ € E7, which is the unique mild solution of (39).
As (39) is invariant with respect to time translation, the fixed point argument can
be restarted at initial time ¢ = T3, i.e., the time interval of existence is an open
interval [0,T*), where T™* is either infinite or ¥(¢) blows up as t /' T*. O

We now turn to the slow equation (10). Its mild formulation reads
t
Ut) = e U + / etk (U(s))ds. (53)
0

Since e*f- is a unitary group, the situation here is easier than for (41), so that
we can obtain an interval of existence which is independent of €. The result is the
following.

Proposition 6. Let ¢ > 0 and g € CYTH(H?) for some s € R and Uy € H*(T).
Then there exist TS, > 0 and R > 0 independent of € € [0, e¢] such that (10) has a

unique solution U € C([0, T3], H*(T)) with U(0) = Uy and sup,cio = IU(#)[ls <
R.

Proof. As in the proof of Proposition 5, we use a fixed point argument on the mild
formulation (53). We only detail the differences to the previous argument. We
write A(U) to denote the right hand side of (53) and, for R > |Up||s fixed, define

Er={V €C([0,T],H®): sup IV(®)|s <2R}. (54)

Noting that e!l- € L(H*(T)) is an isometry and using (33), we find that there
exist C, = Cx(R) > 0 such that

N
IA@)@)ls < 1Uolls +T sup > ™ || fu(U )]s
t<Tr=o

N
<ol +T 3+ (55)
k=0
for all U € Ep. Note that for € € [0,p], the term in the right-hand side of (55)
does not depend on e. Hence, there exists T > 0 independently of € such that
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A(ETr) C Er. Similarly, we can verify that there exists T € (0, 7] independent of
¢ such that A is a strict contraction on Er,. O

5. MAIN THEOREM

We are now able to prove the main theorem on the shadowing of consistently
initialized solutions of the full system by solutions of the slow systems over an O(1)-
interval of time, determined by the time interval of existence of the slow system.

Theorem 7. Fiz N € N, s € R, and suppose g € CT2(H*) NCYT?(H*~1). Let
FN+1L — ZN:I k fi., with coefficient vector fields given by (32a). Take ug € H®
and let U denote the solution to the slow equation (10) with U(0) = ug. Its uniform
time of existence T} . > 0 and uniform H® bound R > 0 are given by Proposition 6.
Then there erist e1 > 0 and C, only depending on T}, and R, such that for
all € € (0,e1] the solution u to the full Cauchy problem (1) with u(0) = ug and
Ou(0) = L_ug + EX (uo) exists on the same uniform time interval [0,T5, ] and

sup  |lu(t) — U)]s < CeNFL. (56)
0<t<T?*

slow

Proof. Since g € ¢ (H*) N ¢ 2(H*"'), Lemma 3 asserts that the coefficient
functions fr: H® — H?* satisfy the order conditions (22) so that, continuing the
argument from (18b),

dw = (; —~ L_— DFEY T (u )) w+ eV Ry (u), (57)
where the remainder Ry: H® — H?® is given by
2N+2
Z Ek_N_l Z ijfl . (58)
E=N+1 j+l=k

JASN+1

Moreover, g € Cé\[“ (H?) implies, again by Lemma 3, that f; € Cé\”rz*j (H®) and
Dfj e Y I (HS L(H?)) for j=0,...,N + 1.

Let €p as in Proposition 6. Then, for every ¢ < ¢, let T'(¢) € (0,T3,,] be
maximal such that the solution u to (1) with the stated initial conditions exists on
[0,T(g)] with

sup |lu(®)|ls < 2R. (59)
0<t<T(e)

Such interval of time exists by Proposition 5. Thus, there exist constants C7 and
C5 which depend only on R such that the Duhamel formula for (57) implies that

t
o)l < L) +Coe¥ 41 [ ()] e (60)
Since w(0) = 0 by assumption, the Gronwall inequality implies that there exists a

constant C5 = C3(R such that

sup  Jw(t)]|s < Cs gNtL, (61)
0<t<T(e)

Next, taking the difference between (10) and (18a),
at(uiU):L—( U)+Flow( ) Fslow(U)+w+5N+1 fN+1(u)ﬂ (62)

’ slow)
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and noting that the last two terms are O(¢V*!) in the sense stated above, we
estimate

t
lu—Ulls < [[u(0) — T©O)s + Cs / lu— Ul dr

t
+ / o+ €N fa ()]s dr (63)
0

*

where C4 depends only on R and T3 . Since U(0) = u(0), the Gronwall inequality
implies that there exists C' > 0 depending only on R and T}, such that

sup Ju(t) —U@)|s < CeNtL, (64)
0<t<T(e)

Now choose €1 € (0,&0] such that

e < g. (65)

Then, for € € (0,1],

sup u(®)lls < sup  (Ju(t) = U@ + IU@)]|s) < CeNF+ R < 2R. (66)
0<t<T(e) 0<t<T(e)

This proves that T'(e) = TJ,,,, for otherwise T'(¢) could not be maximal, so that

56) holds as stated. O
(56)
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