STABILITY UNDER GALERKIN TRUNCATION OF A-STABLE
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RUNGE-KUTTA DISCRETIZATIONS IN TIME

MARCEL OLIVER AND CLAUDIA WULFF

ABSTRACT. We consider semilinear evolution equations for which the linear
part is normal and generates a strongly continuous semigroup and the nonlin-
ear part is sufficiently smooth on a scale of Hilbert spaces. We approximate
their semiflow by an implicit, A-stable Runge—Kutta discretization in time and
a spectral Galerkin truncation in space. We show regularity of the Galerkin-
truncated semiflow and its time-discretization on open sets of initial values
with bounds that are uniform in the spatial resolution and the initial value.
We also prove convergence of the space-time discretization without any con-
dition that couples the time step to the spatial resolution. Then we estimate
the Galerkin truncation error for the semiflow of the evolution equation, its
Runge—Kutta discretization, and their respective derivatives, showing how the
order of the Galerkin truncation error depends on the smoothness of the initial
data. Our results apply, in particular, to the semilinear wave equation and to
the nonlinear Schrodinger equation.
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1. INTRODUCTION

We study semilinear evolution equations

0,U = F(U) = AU + B(U)

(1.1)

posed on a Hilbert space ) under spectral spatial Galerkin truncation and temporal
discretization by a large class of A-stable Runge-Kutta methods. The methods
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considered permit a well-defined temporal semi-discretization [12, 15]; particular
examples are Gauss—Legendre Runge-Kutta schemes. The linear operator A of
(1.1) is assumed to be normal and to generate a strongly continuous, not necessary
analytic semigroup; B is a bounded nonlinear operator on ). (This setting includes,
without loss of generality, cases where A is normal up to a bounded perturbation
as a bounded non-normal part can always be included into the operator B). The
examples we have in mind are semilinear Hamiltonian evolution equations such as
the semilinear wave equation or the nonlinear Schrédinger equation, though for the
results in this paper we do not assume a Hamiltonian structure.

Differentiation of the semiflow in time results in multiplication with the un-
bounded operator A. Hence, in general, the time derivative of the semiflow is only
well-defined when considered as a map from a subset of D(A) to Y [16]; to be able
to differentiate repeatedly, we assume that B is CN % as map from some open set
Dy C Vi = D(A*) to Yy, for k = 0,...,K and N > K. This is formalized as
condition (B1) in the main text of the paper. We prove that the semiflow of the
Galerkin truncated evolution equation and its temporal discretization are of class
CX jointly in time (resp. stepsize) and in the initial data when considered as a
map from Dg C Vi to Y, with uniform bounds in the spatial resolution. Analo-
gous results hold true for the full semiflow and its time-semidiscretization [15]. We
prove full-order convergence of the space-time discretization on open sets of initial
data without the need of a Courant condition that couples spatial and temporal
resolution. We then provide estimates on the truncation error of the Galerkin ap-
proximation of the semiflow, the temporal discretization and their derivatives, and
study the dependence of the order of the truncation error on the smoothness of the
initial data.

When implicit Runge-Kutta methods are applied to stiff problems, they often
converge at less than their formal order of convergence. This phenomenon is called
order reduction [6]. For time-semidiscretizations of initial-boundary value prob-
lems, order-reduction can be tied to lack of regularity [5] or mismatch of boundary
conditions in the internal stages of the method [2]; both papers give conditions
under which full-order convergence is achieved. In our work, we are in the setting
of [5, Theorem 3] except that we consider semilinear equations. For linear evolution
equations, this earlier result gives order p convergence when p is the formal order of
the method and the initial data is in D(AP™!). When considering semilinear prob-
lems, our condition (B1) on the mapping properties of the nonlinearity typically
imposes additional boundary conditions that the nonlinearity B has to match if the
operator A has boundary conditions which are not periodic. Condition (B1), to-
gether with the assumption that the initial data lie in D(AP*!), enforces matching
boundary conditions and excludes order reduction.

The standard requirement for the existence of a semiflow is Lipshitz continuity
of the nonlinearity B [16]. It holds true for a large class of evolution equations and
will be referred to as condition (B0) in the main text of the paper. Our assump-
tion (B1) implies Lipshitz continuity. Whether the stronger condition (B1) holds
true with K > 0 depends nontrivially on the evolution equation and its boundary
conditions. It is satisfied by our main examples, the semilinear wave equation and
nonlinear Schrédinger equation with smooth nonlinearities and periodic or homoge-
neous Neumann boundary conditions. It is also satisfied for homogeneous Dirichlet
conditions under additional conditions on the nonlinearity, see Section 2 below. If
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(B1) is not satisfied for sufficiently large K, we cannot ensure that the solution
U(t) of (1.1) and its numerical approximations have enough temporal smoothness
to obtain full order convergence of the time-discretization independent of the spatial
resolution.

We recall from [16] that the solution to the full semilinear evolution equation
is obtained as a fixed point of a contraction map, which we consider on the scale
of Hilbert spaces )y, ..., Yk. Similarly, the Runge-Kutta temporal discretizations
are functions of the Runge—Kutta stage vectors, which in turn are obtained as fixed
points of contraction maps. Remaining in this setting, we now consider spatial
Galerkin approximation as a perturbation of these contraction maps. To do so, we
provide an abstract theory for the stability of fixed points under perturbation of
contraction mappings on a scale of Banach spaces, thereby extending the theory of
contraction maps on scales of Banach spaces from [15, 19, 21]. This theory provides
us with a unified framework for the time-continuous and the time-discrete case.

Let us mention some related results. Spatial spectral Galerkin approximation
(also called Faedo—Galerkin approximation) is frequently used as a theoretical tool
for the construction of solutions to partial differential equations; see, e.g., [9, 17].
Error estimates for smooth solutions of parabolic problems under spectral and more
general Galerkin approximations (such as finite element methods) can be found,
e.g., in [10, 18]. In the parabolic case, there has been a lot of interest in the
so-called nonlinear Galerkin method which has been shown to have a better con-
vergence rate than the standard spectral Galerkin method, see [7, 13] and references
therein. For analytic initial data, an exponential rate of convergence of the Galerkin
approximation to the semiflow of the Ginzburg-Landau equation has been shown
in [8].

Hyperbolic problems, namely the semilinear wave equation, and their discretiza-
tions have been studied, e.g., by Baker et al. [3]. They provide estimates for the
order of convergence of the spatial Galerkin method of the semiflow for smooth
enough data and globally Lipshitz nonlinearities under an assumption on the ellip-
tic projection of the solution; they also treat explicit multistep time discretizations
of the spatial approximation under a Courant condition that couples the accuracy
of the Galerkin method with the time-stepsize. Bazley [4] shows the convergence
of the Faedo—Galerkin approximations of the semilinear wave equation for a special
class of nonlinearities on the interval of existence of the continuous solution. Verver
and Sanz-Serna [20] identify general consistency and stability conditions in which
convergence of spatial semidiscretizations and of their temporal discretizations can
be proved. They further verify these conditions for a nonlinear parabolic PDE and
for the cubic nonlinear Schrodinger equation. In this paper we provide a general
framework in which those conditions hold true with uniform bounds on open sets
of initial data. Miklavcic [14] studies a class of parabolic and hyperbolic semilinear
evolution equations with a linear part that generates a C° semigroup, and shows
pointwise convergence of the spatial Galerkin approximations of the semiflow; he
considers nonlinearities B which are Lipshitz on the whole of ). Karakashian
et al. [11] study a class of implicit Runge-Kutta time-discretizations (including
Gauss—Legendre methods) and spatial Galerkin approximations for the cubic non-
linear Schrodinger equations and prove convergence for smooth solutions under
mesh conditions that couple spatial and temporal resolution.
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In this paper, the emphasis is on estimates for the spatial Galerkin truncation
error of the joint higher order derivatives in time and in the initial data both of
the semiflow and of its temporal discretization. In contrast to [3, 11], our estimates
for the numerical method hold uniformly in the time-stepsize and do not require
conditions that couple the spatial and temporal accuracy of the discretization.
Our results include statements on the pointwise convergence of Galerkin spatial
semi-discretizations for non-smooth solutions of (1.1) on their interval of existence,
see Theorem 2.3. These are similar to the results of [4, 14], but include more
general evolution equations. Our results yield algebraic orders of the Galerkin
truncation error for smooth, but non-analytic initial data. However, using the
methods developed here, it is also possible to obtain exponential estimates for
analytic data as in [8].

The paper is organized as follows. In Section 2, we introduce the class of semi-
linear evolution equations considered, and show how the semilinear wave equation
and the nonlinear Schrédinger equation fit into this framework for different types
of boundary conditions. In this setting, we study regularity and stability under
Galerkin truncation of the semiflow. In Section 3, we apply a class of A-stable
Runge-Kutta methods to the semiflow of the Galerkin truncated evolution equa-
tion and prove results on regularity and stability under Galerkin truncation for
the temporal discretization which are analogous to the semiflow. We also study
convergence of the space-time discretization.

We present our results in two versions: we label results that provide uniformity
of the time interval of existence (for the semiflow) and the maximum time step (for
the numerical method) on sufficiently small balls of initial data as “local version.”
Assuming more regularity for the initial data, we also obtain results which are
uniform on bounded open sets so long as B is well-defined and bounded. We will
label results of this type by “uniform version.”

In the appendix, we present a number of technical results on stability of fixed
points of contraction maps on scales of Banach spaces which are needed in the main
body of the paper.

2. SEMILINEAR EVOLUTION EQUATIONS UNDER (GALERKIN TRUNCATION

We begin by introducing the class of semilinear evolution equations which we
study in this paper. We then prove regularity of the Galerkin truncated semiflow
with uniform bounds in its spatial resolution and analyze the dependency of the
truncation error of the semiflow and its derivatives on the smoothness of the initial
data.

2.1. General setting. We consider the semilinear evolution equation (1.1) on a
Hilbert space ) and assume the following.

(A) Ais anormal operator on a Hilbert space ) which generates a CY-semigroup

etA

(B0) B: D — Y is Lipshitz.
Recall that an operator A is normal if it is closed and AA* = A*A. For a defini-
tion of strongly continuous semigroups (C°-semigroups), see [16]. Assumption (A)
implies that there exists w € R such that

Re(spec A) <w and et < e+t (2.1)
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for all t > 0. In case A = A, + Ay, where A, satisfies (A) and Ay, is bounded, we
can redefine B as B + Ay, and and A as A,, whence conditions (A) and (B0) hold
true. This situation is typical for semilinear wave equations, see Example 2.1.

For fixed T > 0 and U° € D let W € C([0, 1]; V) satisfy the fixed point equation
W =I(W;U°, T) where, for 7 € [0,1],

I(W;U°, T) (1) = e™TAU° + T/ T=ITAB(W(5))do. (2.2)
0

When T is small enough, II is a contraction on the space C,([0,1];)) so that the
contraction mapping theorem implies the existence of a fixed point [16]. We then
define the semiflow ® of (1.1) by ®7(U%) = W(U°, T)(7). We sometimes write ®*
to denote the map (-, ).

It is apparent from (2.2) with B = 0 that the ¢-th time derivative of U(%) is in
Y only if U? € D(A*). Hence, we work on a hierarchy of Hilbert spaces defined as
follows. We set Vo = ) and, for £ € N, we define )y, = D(A‘]) endowed with scalar
product

(U1, Us)y, = (PUL, PUs)y + (|A]* QUY, |A]* QUs)y .

Here P = P; is the spectral projector of A onto the set {\ € spec(A): |[A| <1}, and
@Q =1 — P. This definition of the norm ensures that

[Ally,,, 5y, <1 and U]y, <[Uly,,, (2.3)

forall U € YVyy1.
Let D C Y be open. We define

D% ={U € D: disty(U,dD) > §}. (2.4)

Given § > 0 and a hierarchy of open sets Dy C Y, for £ = 0,..., L for L € N with
Dy = D, we define DO_‘S =D %asin (24) and, for £ =1,...,L,

D70 = {U € Dy: disty, (U, D) > 6} . (2.5)

Then, by construction, Bg‘(U) C Dy forallU € D;é and £ = 0,..., L where, for
any Banach space X and X° € X, we write

Bi(X") ={X € X: | X - X°|, < R}

to denote the closed ball of radius R around X©.

Let )1 be a Banach space continuously embedded into the Banach space ).
Then D, C Y is called a d,-nested subset of D C Y if Dfé Cc DO forall § €[0,d.].
Furthermore we say that the family Dy, ..., Dy, is d.-nested if De_‘s C DL,__‘sl for all
§ €[0,8,] with 6, >0 and £ = 1,..., L. For example, the family Dy = By*(U°) is
S.-nested for every 6, € (0, R) and U° € Y. However, an arbitrary nested family
Dy C Yy may not be d,-nested for any J, > 0.

Finally, we write B € CéV(D, Y) for some D C Y if B € CV(D,Y) and if its
derivatives are, in addition, bounded and extend continuously to the boundary.
Then we can state a condition under which ® defines a semiflow on the scale of
spaces Yo, - .., VK.

(B1) There exist K € Ng, N € N with N > K, and a d,-nested sequence of
Vi-bounded and open sets Dy C )i such that B € Cév_k(Dk, Vi) for k =
0,....K.
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We denote the bounds of the maps B: Dy — Vi and their derivatives by constants
My, M, etc., for k = 0,...,K and set M = My, M’ = M, and so forth. In
addition to the domains Dy, ..., Dk defined in this assumption, we will sometimes
need to refer to Dk 11, which may be any d.-nested subset of Di which is bounded
and open in Vg 41.

We now give two examples of PDEs that satisfy assumptions (A) and (B1).

Ezample 2.1 (Functional setting for the semilinear wave equation). For the semi-
linear wave equation

8ttu = awwu - f(u) (26)
on I = (0,1) with periodic boundary conditions «(0) = u(1), we set U = (u, v) and
Vo =Hep1(I;R) X He(I;R)

for £ € N. Here, Hy(I;R) denotes the Sobolev space of square integrable functions
whose first £ weak derivatives are square-integrable. Then the operators A and B
are given by

A= (% ig) . A=(1-Py)A, and BU)= (_f“(u)> . @

where Py is the spectral projector of A to the eigenvalue 0. Note that we have moved
Py AU into the nonlinearity B as Py A is not normal. Then the group generated by
A is unitary on any ), and A generates a C’-group on ),. So, assumption (A)
is satisfied. If the nonlinearity f of the semilinear wave equation (2.6) is, e.g., a
polynomial, then (B1) is satisfied for any K and N as H, is a topological algebra for
¢ > 1/2 [1]. More generally, if f € C¥(D,R) for some N € N and D C R open, then
(B1) holds for K < Nj see, e.g., [15, Theorem 2.12]. The same holds true in the
case of homogeneous Neumann boundary conditions. For homogeneous Dirichlet
conditions we must additionally require that f(29)(0) = 0 for 0 < 2j < K — 1; the
same restriction on the nonlinearity applies when A is a nonconstant coefficient
operator and K < 4, see [15, Section 2.5].

Ezample 2.2 (Functional setting for the nonlinear Schrodinger equation). For the
nonlinear Schrodinger equation

10 = —0zpu + 07V (u, 1) (2.8)
with periodic boundary conditions on I = (0,1), we set U = u and identify
A=10? and B(U)=—i07V(u,n). (2.9)

The Laplacian is diagonal in the Fourier representation with eigenvalues —k? where
k € Z. Hence A generates a unitary group on the square integrable functions
Lo = L5(I;C) and, more generally, on every H,(I;C) with £ € Ny. So the operator
A is normal, and assumption (A) holds trivially. In the notation of the abstract
functional setting of Section 2.1, we choose V¢ = Hze41(I;C). If the potential
V (u, ) satisfies V € CE+2TN (D, R?) for some open subset D C R? = C, then, by
[15, Theorem 2.12], the nonlinearity B defined in (2.9) satisfies assumption (B1)
for K < N and, in particular, (B0).
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2.2. Spectral Galerkin truncation and convergence. We now truncate the
evolution equation (1.1) to an A-invariant subspace (Galerkin subspace) as follows.
For m € N let P,,, be the sequence of spectral projectors of A onto the set {\ €
spec(A): |A| < m}. Then, assumption (A) implies that

lim P,,U=U
m— 00
for all U € Y, and
| AP U, < mPaUll, (2.10)

for m € N. Functions U € ), are well approximated by their Galerkin projections
P,,U. Indeed, setting Q,, = id —P,,,
1QnUlly <m=“(|U]ly, - (2.11)
We now introduce the restricted evolution equation
Um, = Aty + B (um) = P F(up,)
where By, = P,, B. We write ¢! (-) to denote the semiflow of (2.12) on P,,) and
define ®,,, = ¢,, o P,,.
The following theorem provides well-posedness for the projected system on the

same interval of time on which a solution to the full equation exists, and convergence
of solutions.

(2.12)

Theorem 2.3 (Convergence of the projected system). Under assumptions (A) and
(B0), let U € C(]0,T),D) be a mild solution to the semilinear evolution equation
(1.1) with initial value U(0) = U°. Then there is m, € N such that for every
m > m, there exists a solution u, € C([0,T],D) to the projected system (2.12)
with initial value u,,(0) = P,,U°. Moreover,

sup ||U(¢) — um(t)||y -0 (2.13)

te[0,T]

as m — oo.

Proof. Local existence of a solution ., (t) of (2.12) is obvious since A,, is bounded.
However, we need to show that the interval of existence is at least [0,7]. We note
that the solution can only cease to exist if u,, leaves the domain D, so we proceed
to prove (2.13) directly. Clearly,

U(t) — um(t) = "4QU° + /25 A (B(U(5)) — B (um(s)))ds.  (2.14)

Taking the Y-norm and noting that, by (2.1), there is ¢ > 0 such that [le’*(|gy)) < ¢
for t € [0, 7], we find that

IUE) = um(@®ly < c|QuU°ly + C/O IB(U(s)) = Bm(um(s))lly ds
< cl|QuU°ly +eT sup |QuB(U(s))lly + C/ IB(U(s)) = B(um(s))lyds.
s€[0,T] 0

t
< c|QuU°ly + T SFPT]|@mB(U(8))|y+cM6/ 1U(s) = um(s)[ly ds .
s€|0, 0
(2.15)
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Now note that the sequence of functions f,,(s) = [|Q,, B(U(s))||y converges point-
wise to zero as m — oo. Moreover, since

[fm(s1) = fm(s2)] < Q@ (B(U(s1)) = B(U(s52)))lly < [[BU(s1)) = B(U(s2))lly

the sequence is uniformly equicontinuous. Hence, by the Arzela—Ascoli theorem,
fm converges to zero uniformly as m — oo. Thus, applying the Gronwall inequality
to (2.15), we see for any £ > 0 there exists a possibly larger m, such that for
m > my, |[UE) — um(t)|ly < € so long as un,(t) does not leave D. Choosing
e < dist({U(s): s € [0,T1},9D), we conclude that ¢ in this estimate may be chosen
as large as T. 0

We now define
Rxi1= sup |Uly, ., - (2.16)

UeDk i1

The following theorem provides higher order bounds for the Galerkin approxi-
mation error of the semiflow.

Corollary 2.4 (Convergence of the projected system — higher order error bounds).
Assume (A) and (B1). Let ¢ € (0,0.] be such that Dl}i_l is nonempty. Then there
exists m, such that for all m > m, and every mild solution U € C([0,T]; D;{il) of
the semilinear evolution equation (1.1) there exists a solution u,, € C([0,T], Dk N
Vi 11) to the projected system (2.12) with initial value um, (0) = P, U° such that

sup [[U(t) = um(t)lly = O(m="71) (2.17)
t€[0,T]

The order constants in (2.17) depend only on the bounds afforded by (B1), (2.1),
and (2.16), on 0, and on T.

Proof. As in the proof of Theorem 2.3, we begin with (2.14). Here, we apply Py,
and rearrange terms to obtain the estimate

1U(#) = um(®)lly <[1QuU@)ly +C/O [B(U(s)) = Blum(s))llyds. — (2.18)

Due to (2.11), |Q,U(")|ly < Rxr1m %=1 The mean value theorem applies so
long as u,(s) € D. Then, by the Gronwall lemma as before, we find that (2.17)
holds true for all m > m,, where we choose m. such that ||U(t) — un(t)[y, < ¢ for
t € 0,7] and m > m, so that indeed u,,(s) € D for s € [0,T] and m > m.. O

Note that Corollary 2.4 with ) replaced by any of the )i, ..., Vi readily implies
that sup;ejo,71[|U(t) — um(t)ly, = O(m~K=177). However, as B is not assumed to
map from an open subset of Vi1 to Vi1, Theorem 2.3 as stated does not apply
with Y replaced by Vg 11. However, we can still prove the following.

Corollary 2.5. Under the assumptions of Corollary 2.4, the following is true.

(a) If N > K +1, we have sup;cio 77U () = tum(t) ||y, — 0 as m — oo,

(b) If N = K+1, there exists C > 0 such that sup,c(o r)l|tm (O)||yx., < C. The
bound C depends only on the bounds afforded by (B1), (2.1), and (2.16), on
0, and on T.
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Proof. We may assume without loss of generality, that K = 0. (Otherwise replace
Y with Yk.) Suppose first that N > K + 1. Then Theorem 2.3 applies to the
system of evolution equations

U=AU+BU), W =AW + B (U)W
with initial value W (0) = AU® + B(U°) so that W (t) = U’(t). Hence,

sup [|U'(t) — up, (t)lyy — 0
te[0,T]

as m — 00. Since supyero 1)l B(U(t)) — P B(um(t))ly = O(m~1) by Corollary 2.4

and AU(t) = U’(t) — B(U(t)), we obtain statement (a).
To prove statement (b), integrate w,, = Awy, + B’ (uy,)w, with initial value
W (0) = AP,,U°+P,, B(u,,(0)) and apply a standard Gronwall argument as before,
noting that the Y-norm of w,,(t) is bounded uniformly in m > m, by Corollary 2.4.
Thus, sup;eo 7 l|ts, (t) ||y < ¢ for some ¢ > 0 depending only on the bounds afforded
by (B1), (2.1), and (2.16), on ¢, and on T'. This, together with the bound of B on
D, proves (b). O

2.3. Regularity of Galerkin truncated semiflow. We first introduce some
notation. For Banach spaces X and ), and j € Ny, we write £7(), X) to de-
note the vector space of j-multilinear bounded mappings from ) to X'; we set
EI(X) = £7(X, X). For Banach spaces X, ), and Z, and subsets Y C X, V C ),
and W C Z, we write

Fec™™ U xv,w)

to denote a continuous, bounded function F': U x V — W whose partial Fréchet
derivatives D&D;F (X,Y) exist, are bounded, and are such that the maps

(X,Y,X1,...,X;) = DsxDLF(X,Y)(X1,..., X)) (2.19)

are continuous from U x V x X% into £/(Y,Z) fori = 0,...,mand j = 0,...,n
and provided the maps (2.19) extend continuously to the boundary. (The latter
is important as we will apply the contraction mapping theorem to maps in such
classes.) In our setting, V will typically be an interval of time.

The following theorem provides regularity of the Galerkin truncated semiflow
with bounds uniform in m under conditions (A) and (B1) analogous to the regularity
result for the semiflow @ in [15, Theorem 2.4].

Theorem 2.6 (Regularity of the Galerkin truncated semiflow, local version). As-
sume (A) and (B1). Choose R € (0,6,] small enough such that D% # 0 and pick
U° € D Then there is T, = T.(R,U°) > 0 and m.(R,U°) € N such that for
m > m, there exists a semiflow ®t, of (2.12) of class

B () 2 (BYGUO) x (0.7 B (UY). (2.202)
J+ESN
1<k<K

The bounds on ®,, and T, depend only on the bounds afforded by (B1) and (2.1),
on R, and on U°. In particular,

., € O (BY,(U°) x [0, T.); BR(U)). (2.20b)
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Proof. The proof is an application of Theorem A.9 (a) on contraction mappings on
a scale of Banach spaces. We consider II from (2.2) and write the corresponding
contraction map for the semiflow ®,,, of the projected system as

IL,,(W; U, h) = P, JI(W;P,,,U, h). (2.21)
We replace N from Theorem A.9 by N — 1, set u=T,Z = (0,7), X = Vi with
U= U =B, (U, w=W,and 2; = C(0,1]; ;) with W; = C((0,1]; By’ (U°))
for j =0,..., K. We now show that the contraction maps II,, satisfy conditions
(i) and (ii) of Theorem A.9 for some T, (R,U%) > 0 and m > m.(R,U°). We first
show that II,, maps each Wy,..., Wk into itself. We estimate, using (B1) and
(2.1), that
[ (W5 U, T) = U°ly, < [le™4U° = U°ly, + [le™ (P U° — U°)

J

ly,
+e“TR/24+T &7 M; (2.22)
iy .

Choosing T, = T.(R,U°) > 0 sufficiently small, the second line of (2.22) can be
made less than 3R/4. Moreover, for a possibly smaller value of T, there exists
my = my(R,U°) such that for all m > m., T € [0,7.], and 7 € [0, 1] the first line
of (2.22) is less than R/4. Then, the right hand side of (2.22) is less than R which
proves that II,,, maps back into W;. Assumption (B1) and (A) then imply condition
(i) of Theorem A.9. To show condition (ii) we estimate, noting that N > K by
(B1), that

IDw I (W3 U, )l g ey (0.1):3,)) < T " Mj, (2.23)

so that II,, is a uniform contraction for all m > m,, U € U, W € W;, and
T e€Z=(0,T) for every j =0,..., K with a possibly smaller value of T.

Hence, II,, satisfies conditions (i) and (ii) of Theorem A.9 with bounds and
contraction constants which are uniform in m > m, so that Theorem A.9 (a)
implies that ®,, is of class (2.20a). The simplified special case (2.20b) is a direct
consequence of Lemma A.2. O

Theorem 2.6 does not guarantee that m, and T, can be chosen uniformly over
D. The following theorem states that such uniformity can be obtained, however,
over domains other than balls at the expense of stepping up on the scale of Hilbert
spaces. The situation is analogous to that for the semiflow ®; see [15, Theorem 2.6
and Remark 2.8].

Theorem 2.7 (Regularity of Galerkin truncated semiflow, uniform version). As-
sume (A) and (Bl). Choose § € (0,0.] small enough such that D;{il # 0. Then
there exists T, = Tw(§) > 0 and m.(8) € N such that for m > m, the semiflow
(U, t) — L (U) of (2.12) satisfies (2.20a) with bounds which are uniform for all
U e Dl_(il with R = 0 and such that

j £ _
Sne () LV DR, x [0, 1) Vi) (2.240)
J+ESN
(<R<K+1

with bounds which are uniform in m > m,. The bounds on ®,,, m, and T, de-
pend only on the bounds afforded by (BO) rsp. (B1), (2.1), and (2.16), and on 4.
Moreover, ®,, maps into D and, when N > K + 1,

€ G (DR, X [0, 1Y) (2.24b)
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with corresponding uniform bounds.

Proof. We continue to work in the setting introduced in the proof of Theorem 2.6.
Here, we need to verify that the conditions of Theorem A.9 are satisfied uniformly
in U% ¢ D;{il for both II,,, and II,,. First, due to (B1), each of the II,, is well-

defined as a map from W; x U x Z into Z; for U° € ’D;(‘i_l and has the required
regularity. To show that there is m. () such that II,, maps Wy, ..., Wk back into
itself, we apply (2.22) for every U° € D;{il. We bound the first line on the right
of (2.22) by

”eTTAUO o UOHyj + ||eTTA(IEDmU0 o UO)H)/]»

< max (T 4400, + e 1QuU° ) < &7 Ricys (T +1/m), (2:25)

< X
t€[0,T)
where Ry is defined in (2.16) and j = 0,..., K. Inserting this estimate into
(2.22), we see that we can choose Ty > 0 small enough such that I1,,,(-; U, T) maps
B%j (U°%) with R = § into itself for all U° € Df{ilv UecU, m>m, T € [0,T.],
and j =0,..., K. Hence, II,, satisfies the conditions of Theorem A.9 with bounds
which are uniform in m > m,, T € (0,Ty), and U° € Dl_(j-l' This shows that
(2.20a) holds uniformly for U° € Dl}il and m > m,(9).
Next, we show that

j £ _
A, e () XD % 0.1 Vi) (2.26)
Jj+k<N
<k<K

Vyith pniform bounds in m > m,. Consider the linear fixed point equation Wm =
IL,,,(Wy,; U, T') with

L, (Won; U, T)(7) = €™ T4 (AP, U + B(W,,,(0))) — B(W,,(7))

+T / " or=o)TA DB, (W (0)) (Wi () + B(W,(0)) do
’ (2.27)

where W,,,(U,T)(7) = ®77(U). Integrating the right hand side of (2.2) by parts,
replacing B with B,,, and U by IP,,,U° we see that the fixed point W, of I,,, satisfies
W,, = AW,, in Zj for 5 =0,...,K. We consider I, with U, Z; and T as before,
and set W, = C({0, 1];Brzj (0)) with r > 0 large enough that II,,(-, U, T') maps W,
into itself for m > m., U € U, T € Z. Since P, is of class (2.20a), Lemma A.6 (a)
and Lemma A.8 (a) imply that IT,, satisfies the conditions of Theorem A.9 with N
replaced by N — 2. Therefore Theorem A.9 (a) applies and proves (2.26).

Moreover, B, o ®,, is of class (2.26) with uniform bounds for m > m, due to
the chain rule, Lemma A.6 (a) and the fact that @, is of class (2.20a) with uniform
bounds in U? and m > m,. We conclude that 9;®,,, = A®,, + B,, o ®,, is also of
class (2.26) with uniform bounds for m > m,.

Finally, as both A®,, and 9;®,, are of class (2.26), Lemma A.4 implies (2.24a).
The simplified special case (2.24b) is a direct consequence of Lemma A.2. O

2.4. Accuracy of derivatives of Galerkin truncated semiflow. In this sec-
tion, we consider how the perturbation of the contraction map II introduced by the
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projection of the evolution equation (1.1) onto the subspace P,,) propagates into
derivatives of the resulting semiflow.

As before, we consider a local and a uniform version of each result; the scales
we use are defined, separately for the two cases, as follows. In the local version, we
follow the setting of Theorem 2.6, where we consider initial data

UeU=Bg (U  where X =DYk. (2.28a)
The semiflows are considered as maps
o, @l BY<(U°) = Y; for j=0,... K, (2.28b)

where m > m.(6,U°) and R, = R/2.
In the uniform version, we follow the setting of Theorem 2.7 where we consider
initial data

UeU=Dy’, CX=Vxi1. (2.29a)
The semiflows are considered as maps
'@l D, —»Y; for j=0,....K+1, (2.29h)

for some fixed § > 0 where m > m.(0).

To handle the complexity of these estimates it is useful to define norms on the
various objects that contain all combinatorially possible orders of differentiation
and scale rungs subject to certain relevant side constraints. The need to consider
such norms arises through the implicit nature of the definition of the semiflow and
the use of the chain rule. Here, any attempt to estimate a particular derivative
on a particular rung of the scale will produce terms of all intermediate orders of
differentiation and scale rungs. We therefore estimate all derivatives at once.

We have to deal with two different types of objects: contraction maps which
are functions of three arguments whose corresponding norms are denoted || - || and
semiflows which are functions of two arguments whose corresponding norms are
denoted || -||.

In our setting, there are two natural global parameters, namely N, the degree
of differentiability of the nonlinearity, and K, the number of rungs on our scale as
defined in condition (B1). Two more characteristic parameters are needed. First,
the loss index S which forces the image of the map be estimated at least S rungs
down the scale. We will see that a loss of S scale rungs translates into O(m~=9)-
smallness of the perturbation caused by the projector P,,. Second, a lowest rung
index L which forces the estimation of the image of the map to occur at least L
rungs up from the bottom of the scale. This leads us to define a four parameter
family of norms for functions II = II(w; u, ) mapping Wiis XU X T to Z_g,

Ty g ps =, max [ID},DLOLT (2.30a)

i+j+k<N-—S wH
L+e<k<K-S
L <K-S8< N-—S5. When studying semiflows, we identify w = W,
p="T,T=(0T), 2 =C(0,1;Y,), U = Bz;Q(UO), X = Vg, and

0,1]; BY (U")), and use II defined by (2.2). We abbreviate

1T e = Il v 5,20 (2.30b)
I v, e = Nl v, 0,0 - (2.30c)

0o Wit s XUXT;EH(Zp 45,85 (X;Zk—0)))

for 0 <
u = U,
W; = C(
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Functions w = w(u, ;) mapping U x Z to Z; are equipped with the three parameter
family of norms

j o0
lwlln g, = j-Ii-I}ca%XN ”Di‘?uw”coo(uxz;gj(x;zk,g)) (2.304d)
L+0<k<K

for 0 < L < K < N, where we abbreviate

HwHNJ{ = HwHN,K@- (2.306)

With this notation, a function (u, 1) — II(u, 1) which does not depend on w satisfies

H|H|||N,K,L,S = HH”N—S,KfS,L‘ (2.31)

The next pair of results concerns the stability of the semiflow and its derivatives
under spectral truncation.

Theorem 2.8 (Projection error for the semiflow, local version). Assume (A) and
(B1) and R € (0,6.] small enough such that D™ # 0 and pick U° € D", Let
T, = T.(R,U° and m, = m.(R,U°) be as in Theorem 2.6. Then, for every
0<P<K,

[® = Pmlly_p1x—p = O(m=") (2.32)
where the norm in (2.32) is defined with respect to the spaces (2.28). The order
constants depend only on the bounds afforded by (B1) and (2.1), on U, and on R.

Proof. We apply Theorem A.9 to obtain a bound on ||® — ®,,||n—p—1,x—p in
terms of ||II — IL, || n—1,x,0,p, With 2k, X etc. specified above. We already verified
conditions (i) and (ii) of Theorem A.9 in the proof of Theorem 2.6. Thus, in order
to prove (2.32), it suffices to show that

JITT — IL,,, |HN71,K,O,P = O(mip) . (2.33)
Writing
(I = ILp,) (W3 U, T)(7) = G (U, T)(7) + L (W, T)(7) (2.34)
with
Gm(U,T)(7) = Que" U,

Ln(W,T)(7) = Qpn /OT Te"=)TA B(W (o)) do,

we apply Lemma A.6 to both terms on the right of (2.34) in different ways. For the
first term, since Gy, does not depend on W, we can apply Lemma A.6 with IT = id,
Y =Py, and (U, T)(7) = w(U,T)(7) = e"TAU, so that there exists ¢; > 0 such
that

IGmlln—1,c0,p =ICGmlln—1-px—p < 1 1Qulln_1,x,0,p = o(m="),

where the first equality is due to (2.31). Here, and further below, we implicitly make
use of estimate (2.1) on the bound of the linear semigroup and estimate (2.11) on
the Galerkin remainder.

To apply Lemma A.6 to the second term on the right of (2.34), we identify N
and K there with N —1 and an arbitrary x € P, ..., K here. Then, setting II = id,
Y =P, u=W U, =C([0,1]; By (U°)), and

v(u, T) (1) = w(u, T)(t) = /O ’ Te™=TAB(W (0)) do,
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Lemma A.6 asserts that there exists ¢ > 0 such that

HImHN—l—P,m—P <6 ”lQm”lN—l,mO,P =0(m™").
Then, by Lemma A.5, with N replaced by N —1 and S = P,

Il y -1, 50,0 = o(m=").
The constants ¢; and ¢z depend only on the bounds on B from (B1) and the bounds
from (2.1). Altogether, this verifies (2.33), thus concludes the proof. O

Theorem 2.9 (Projection error for the semiflow, uniform version). Assume (A)
and (B1) with N > K + 1, and let § € (0,d.] small enough such that D;(‘EH is
nonempty. Let T, = T,.(§) > 0 and m. = m.(d) be as in Theorem 2.7. Then, for
every 0 < P< K+1,

|2 = Pmlly_p1xi1-p = o(m™="7), (2.35)

where the norm in (2.35) is defined with respect to the spaces (2.29). The order
constants depend only on &, and on the bounds afforded by (B1), (2.1), and (2.16).

Proof. First, we show that
@ — (I)mHNfPfl,K—P = O(mip) ) (2.36)

for 0 < P < K on the scale {Z;},=0,... k. To this end, define II and II,,,, U, W;
etc., with R = § as in the proof of Theorem 2.8.

We have already shown in the proof of Theorem 2.7 that conditions (i) and (ii)
of Theorem A.9 hold uniformly in m > m, and U° € D?(i—l' Moreover, (2.33)
holds true uniformly in U° € D;{i_l. This is easily verified by checking that each of
the estimates in the proof of Theorem 2.8 holds uniformly under the conditions of
Theorem 2.9. Hence, Theorem A.9 (b) implies (2.36).

Next, we apply Theorem A.9 to obtain a bound on |||ﬁ — 1L, llv=2,k,0,p, where
I, is from (2.27) and IT is defined correspondingly. We have shown in the proof
of Theorem 2.7 that II,, (and hence also II) satisfy the conditions of Theorem A.9
uniformly for m > m,. Estimating each term of the corresponding analogue to
(2.34) via Lemma A.6 and Lemma A.8, we find that [|[TT—TI,, || x_2.x.0.p = O(m™~").
Then, Theorem A.9 (b) implies that |A® — A®,,||n_p_2x—p = O(m~F) so that,
for0<K P<K,

[ —Pmlly_p 1 kP11 = o(m™"). (2.37)
Finally, we prove that
10:® — atq’m”zvfpfz,}{fp =0(m™"). (2.38)

We note that 9;,(®—®,,) = A(®—P,,)+Bo®— B,,0d,,, where the required bound
on the first term on the right has already been established. For the second term, we
use Lemma A.6 with 1 = B, © = B, p=t € Z = (0,T%), u=U° € U = D5,
w(U%¢t) = HUY), v(U°%¢t) = ! (U%), X = Vk41, Z; = V;, and W; = D; for
7 =0,..., K. Hence, there exists a constant c¢; such that

[Bo®—Bpo®Puln o prp<cillQuBly_orxoprtcill®—Punlly o px p-

To estimate ||Q,,B||n-2,k,0,p, we apply Lemma A.6 for each x € P,..., K with
MI=id, & =Py, u=W, v(u,h) = w(u,h) = B(W), U replaced by U, = W,,, N
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replaced by N — 1, and K replaced by x. Hence, there is some constant co such
that

1QuBW)lIx—2-prp < 2 1Qully_2.0p = O(m=").
Then, Lemma A.5 with N replaced by N — 1 and S = P implies

|||@mB|||N—2,K,o,P = O(mip) .

Altogether, this proves (2.38). Finally, (2.35) follows from Lemma A.4 with L =0
due to (2.36), (2.37), and (2.38). O

3. A-STABLE RUNGE-KUTTA METHODS UNDER GALERKIN TRUNCATION

In this section, we study a class of A-stable Runge-Kutta methods which are
well-defined when applied to the semilinear PDE (1.1) under assumptions (A) and
(B1). We prove regularity of spectral Galerkin approximations of such methods
uniformly in the spatial resolution and derive estimates for the approximation error.
The class of methods we consider is the same as in [15].

Applying an s-stage Runge-Kutta method to the semilinear evolution equation
(1.1), we obtain

W =U%1+ ha (AW + B(W)), (3.1a)
U'=U°+hb" (AW + B(W)). (3.1b)
For U € Y we write
U wt B(WY)
1WU=|:]1€ys, W=| : , B(W)= : ,
U we B(W?)

where W1, ..., W* are the stages of the Runge-Kutta method,
(aW)i = Zaij Wi s bTW = Z bj wi ,
j=1 j=1

and A acts diagonally on the stages, i.e., (AW)" = AW® fori=1,...,s.
A more suitable form, required later, is achieved by rewriting (3.1a) as

W =TI(W;U,h) = (id —had) " (1U 4 haB(W)) (3.2)
and
U"(U) = S(hA)U + hbT (id —haA)~' B(W (U, h)), (3.3)
where S is the so-called stability function
S(z) =1+ zb” (id —za) "' 1. (3.4)

We now make a number of assumptions on the method and its interaction with
the linear operator A. First, we assume that the method is A-stable in the sense of
[12]. Setting C~ = {z € C: Rez < 0}, the conditions are as follows.

(RK1) The stability function (3.4) is bounded with |S(z)| <1 for all z € C~.
(RK2) The s x s matrices id —za are invertible for all z € C~.
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Sometimes, we will also assume that a is invertible. Gauss—Legendre Runge-Kutta
methods satisfy conditions (RK1) and (RK2) with a invertible [15, Lemma 3.6].

We now summarize the analytic properties of the operators appearing in (3.2)
and (3.3), where we use the convention ||[W||y; = maxi_, [[W/||y,. Proofs can be
found in [15, Section 3.2].

Lemma 3.1. Assume (RK1), (RK2), and (A). Then there exist h, > 0, A > 1,
o >0, and cs > 1 such that

[[(id —haA) " ly._,ye <A, (3.5a)
[S(hA)[ly:_,ys <14+0h<cs, (3.5b)
[haA(id —had) 'y ype < 1T+A, (3.5¢)

for all h € [0, hy]. Moreover, for any £,n, € Ny,

(W, h) > (id —haA)"'W is a map of class C* (Vi x [0,h.];Y*),  (3.6a)

(W, h) > haA(id —haA) "W is a map of class C*(V§ x [0, h.];V*), (3.6b)

(W, h) — h(id —haA)"'W is a map of class C"™V (5 x [0,h.]; V%),  (3.6¢)
and

(U, h) — S(hAYU is a map of class C9 (Ve x [0, ha]; V). (3.6d)

3.1. Regularity of Galerkin truncated time-discretization. Let W,,(U°, h)
denote the stage vector, W7 (U°, h) for j = 1,...,s its components, and ¥" (U, h)
denote the numerical time-h map obtained by applying an s-stage Runge-Kutta
method to the projected semilinear evolution equation (2.12) with initial value
Uum (0) = P, U°. Their regularity, with uniform bounds in the spatial resolution m,
is stated in the following theorems which, again in local and uniform version, provide
the analogue to what is known for the time-h map V¥ in the time-semidiscrete case
[15, Theorems 3.14, 3.15, and Remark 3.17].

Theorem 3.2 (Regularity of Galerkin truncated numerical method, local version).
Assume that the semilinear evolution equation (1.1) satisfies conditions (A) and
(B1). Apply a Runge-Kutta method ¥ subject to conditions (RK1) and (RK2)
to it. Choose R € (0,0,] such that D™ # 0 and pick U° € D, Let R. =
R/(2max{cs, A}) with A and cs from (3.5). Then there exists m, = m.(R,U°)
and h, = h.(R, UO) > 0, such that for m > m, there exists a stage vector W,
whose components Wi, as well as the numerical time-h map ¥! (U, h) = $" (U)
are of class (2.20a) with Ty replaced by h.. The bounds on W,,, ¥,,, and h. are
independent of m and depend only on the bounds afforded by (B1) and (3.5), on
the coefficients of the method, R, and U°.

Proof. As in the proof of Theorem 2.6 on the regularity of the semiflow ®,,, we
apply Theorem A.9 (a) on contraction mappings on a scale of Banach spaces. Here
weset w =W, Z; =Y;, and W; = B%f (1U°) for j = 0,..., K. We further identify
pw=nh,T=(0,h),and X = Vi withd =Ux = Bg,(U") C Vxk.

The map II for the stage vector W is defined by (3.2); we write the corresponding
map IL,(W,U, h) = P, II(W,P,,U, h), analogous to (2.21) for the semiflow. We
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now show that the differentiability assumption on B is such that II,, satisfies the
conditions of Theorem A.9 for m > m. with a suitable choice of m..

First, we show that II,, maps each Wy, ..., Wk into itself uniformly for h €
(0,h.) and U € Y. By Lemma 3.1 we estimate, for W € W;,

L (W3 U, h) — 10°|

v < [[(id —(id —had)"H)1U°[|y. + | (id —had) " 1QmU°|y,s

+ AR, +hA|a| M. (3.7)

Using Lemma 3.1, we can find h.(R,U°) and m.(R,U°) such that for m > m.
and h € (0,h,) the first line on the right of (3.7) is less than R/4. By possibly
shrinking h, further, the second line is less than 3R/4, so that II,,(-;U, h) maps
W; into itself. Second, assumptions (B1l) and Lemma 3.1 ensure that II,, satisfies
condition (i) of Theorem A.9 for m > m,. The contraction estimate, condition (ii)
of Theorem A.9, follows from

IDw I, (W; U, h)|

DB, (W)

: —1
Vi3 <h H(ld _haA) a| Vi —=ys V;—=Y2

< hAllal M (3.8)

for j =0,...,K. Thus, by possibly shrinking h, again, the right hand bound can
be made less than 1, and condition (ii) is met for m > m,. Thus Theorem A.9 (a)
implies that W}, is of class (2.20a) for j = 1,...,s. The same holds true for ¥,,
due to the chain rule on scales of Banach spaces, Lemma A.6 (a), applied to (3.3)
using Lemma 3.1. g

As for the semiflow ®,,, there is also a uniform version of this result.

Theorem 3.3 (Regularity of Galerkin truncated time-discretization, uniform ver-
sion). Assume (A) and (B1), as well as (RK1) and (RK2). Pick § € (0,0d.] such
that ’D;(il is nonempty. Then there is hy = h,(6) > 0 and m, = m.(J) such that
for m > m, the statements of Theorem 3.2 hold true with R = § and bounds which
are uniform in UY e D;{il and m > my. Moreover, for m > m,, the components
Wi, of the stage vector W, (U, h) are of class (2.24a) with Ty replaced by h., and,
if the Runge—Kutta matrixz a is invertible, the numerical time-h map V., is also of
class (2.24a) with T, replaced by h.. The bounds on W,,, ¥, and h, are indepen-
dent of m > m, and only depend on the bounds afforded by (B1), (2.16), and (3.5),
on the coefficients of the method, and on 6.

Proof. Let Z; = V;, W; = By (1U°), and U = BY< (U°) for j = 0,..., K as in the
proof of Theorem 3.2, taking R = § and R, as in Theorem 3.2. First, due to (B1),
the map II,, is well-defined from W; x U x Z into Z; with the required regularity
properties and with bounds that are uniform in m and U° € ’Df_(i_l. To show that
I1,, maps W; back into W; for m > m.(d) with a suitable choice of m., note that,
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for 7=0,...,K,

| (id —(id —haA)’lIL)UOHyf + ||(id —haA)~'1Q,,U°| Vo

< h max |aA(id —sad)21U°|
s€[0,h]

yi A 1Q,U°]

Vi

< (hA2[fa]l + A/m) sup Uy,

UeDLs,

< (hA*[la]l + A/m) Ry, (3.9)

where Ry 11 is defined by (2.16). Inserting this estimate into (3.7), we see that we
can choose h,(d) > 0 small enough and m.(d) big enough such that II,,,(-; U, h)
maps each W; into itself and, due to (3.8), such that II,, is a contraction on each
W; uniformly for U°, U € D[_(‘il, and h € [0, h,]. So the conditions of Theorem A.9
are satisfied uniformly for m > m., h € (0, h,), and U° € D;{‘i_l.

Applying A to II,,,(W, U, h) yields

AW, = AL, (W,,, P, U, h) = (id —haA) ' 1 AP, U+haA(1U —haA)"'P,,B(W,,) .

Using Lemma A.6 (a), the chain rule on a scale of Banach spaces, together with
the estimates of Lemma 3.1, we find that AW/ is of class (2.26) for j = 1,...,s.
Moreover, on the (K + 1)-scale Z; = Y; for j = 0,..., K and Zx41 = Yk with
W, =Dj for j =0,... K and Wk = Dj, and with U = D;{il, X = YVk+1, and
Z = (0, hs), the map II,, satisfies conditions (i) and (ii) of Theorem A.9. (Here
we have used Lemma 3.1, in particular (3.6c), once again.) Therefore, 9, W7, is of
class (2.26). Then Lemma A.4 implies that W, is of class (2.24a). If a is invertible,
we can use (3.3), (3.6b) and the chain rule in the form of Lemma A.6 (a) to show
that U, is also of class (2.24a). O

Remark 3.4. When a is not invertible, an according modification of the proof of
Theorem 3.3 yields the weaker statement

Vee () VDR, x0.1.]:D) (3.10)
j+k<N-—1
k<K

for m > m, with bounds that depend only on the bounds afforded by (B1), (2.16),
and (3.5), on the coefficients of the method, and on §. An analogous statement
holds true for ¥ [15, Remark 3.22].

3.2. Convergence of Galerkin truncated time discretization. Next, we prove
a convergence result for the time-semidiscretization of the projected system. The
error bounds are uniform in the spatial truncation parameter m.

Theorem 3.5 (Convergence of time discretization of projected system). Assume
that the semilinear evolution equation (1.1) satisfies condition (A), and apply a
Runge—Kutta method of classical order p subject to conditions (RK1) and (RK2)
to it. Assume further that (B1) holds with K > p. Pick § € (0,0.] such that D;_fl
is non-empty, and fix T > 0. Then there exist positive constants hs, my, c¢1, and
co which only depend on the bounds afforded by (B1), (3.5), on the coefficients of

the method, and on &, such that for every U° satisfying
{o(U°): t e [0,T]} C D7, (3.11)
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h € [0, h.], and m > m., the numerical solution (V%)™ (U) lies in D and satisfies
1(25)"(U°) = @R (UO)[ly < cze™ R (3.12)
so long as nh <T.

Proof. Convergence of the time semidiscretization under the above assumptions
can be proved by a standard Gronwall argument, see [15, Theorem 3.24] where
condition (A1) there is always satisfied in the setting here; it is stated as (3.5b) in
Lemma 3.1. Then [15, Theorem 3.24] asserts that whenever a semiflow ® satisfies
(3.11), there exist constants ¢; and cp which only depend on the bounds afforded
by (B1), (3.5), on the coefficients of the method, and on D;_fl such that

1(e™)"(U°) = @™ (UO)[ly, < ca ™ AP (3.13)

so long as nh < T.

Here, we need to apply this result with ® replaced by ®,, and ¥ by ¥,,, and show
that we obtain uniform bounds in m > m, and U° satisfying (3.11). So we have to
show that if condition (3.11) holds, then there is an analogue of this condition for
the truncated system which is valid for all m > m, In other words, we have to find
a Vp+1-bounded set ﬁpH C Dp N Yp41 and 5 > 0 such that

{@8,(U%): t € [0,T]} € D, (3.14)

holds for all U° satisfying (3.11) and all m > m,. Applying Corollary 2.4 with Y,
in place of Y and D,, in place of D, we find that there is some m, € N such that
sup [|°(U°) — @7, (U], < 6/2
te[0,T) P

and
sup ||®f (U° <C
t6[07 ]H ( )H)}p+1

for some C > 0, all m > m,, and all U satisfying (3.11). Thus, with 6= 0/2 and
Dyi1 = D, Nint BY (0),

where int(/) denotes the interior of a set U of a Banach space X, condition (3.14)
is satisfied for all m > m,. This completes the proof. O

By combining this theorem with Theorem 2.4 we obtain convergence of the space-
time discretization to the semiflow ®*(U?) of order O(h?)+O(m~5~1) for t € [0, 7]
and m > m, with uniform bounds for all U satisfying (3.11). In particular, we do
not require a coupling between spatial resolution m and temporal resolution h for
this convergence result.

3.3. Accuracy of derivatives of Galerkin truncated time discretization.
Results corresponding to Theorems 3.2 and 2.8 hold true for the stability under
spectral truncation of the numerical stage vector and its derivatives.

Theorem 3.6 (Projection error for the numerical method, local version). Assume
(A), (B1), (RK1), and (RK2). Fiz R € (0,6,] such that Dt is nonempty and
choose U® € DR, Let hy = hyo(R,U°) > 0 and m, = m.(R,U°) be as in Theo-
rem 3.2. Then for every 0 < P < K,

W = Wanlly_1—_pr_p=0(m™") (3.15a)
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and
||‘I’h - \ijnHN—lfp,KfP =0(m™"), (3.15b)

where the norm in (3.15) is defined with respect to the spaces (2.28). The order
constants depend only on the bounds afforded by (B1) and (3.5), on the coefficients
of the method, and on R.

Proof. The proof of (3.15) is an application of Theorem A.9 on the stability of
contraction mappings where, as in the setting of Theorem 3.2, II is defined by
(3.2), II,,, = P, o I1, and we set
W, = B2 (1U%)  where  Z; = Vi (3.16)
for j = 0,..., K. We further identify Z = (0,hs), w = W, p = h, and X = Vg
with U = Uk = BR< (UY).
We already verified in the proof of Theorem 3.2 that conditions (i) and (ii) of

Theorem A.9 hold with uniform bounds for m > m,. Thus, Theorem A.9 (b) yields
a bound of the form (3.15a) provided we can show that

ITT — 1L, |HN71,K,0,P = O(m_P) . (3.17)
Writing
O(W;U,h) —11,,(W; U, h) = (id —haA) "' 1Q,,U + ha (id —haAd) "' Q,, B(W),
(3.18)
we apply Lemma A.6 to both terms on the right as follows. For the first term,
G (W3U, h) = Q(id —haA)'1 Q.U
we take Il = id, ¥ = P,,, and v(U, h) = w(U, h) = (id —haA)~11U to conclude that
there exists ¢ such that
|||Gm|||N—1,K,o,P = HGmHN—P—l,K—P < Cl|||QmH|N_1,K,o,P = O(mfp)v (3.19)

where the first equality is due to (2.31), we recall Lemma 3.1 for the differentiability
properties of (id —haA)~!, and note that the final statement is due to estimate
(2.11) on the Galerkin remainder.

To estimate the second term on the right of (3.18), we apply Lemma A.6 for
each Kk € P,...,K with Il = id, ¥ = Py, v = W, and v(u,h) = w(u,h) =
ha (id —haA)~'B(W), U replaced by U, = BE*(1U°), N replaced by N — 1, and
K replaced by k. Hence, by Lemma 3.1, there is some ¢y such that

|Qp, ha (id _haA)ilB(W)”NflfP,an <6 |||Qm”|N71,n,O,P = O(mip) :
Then, Lemma A.5 with N replaced by N — 1 and S = P implies
Q@ ha (id _haA)_leN—l,K,O,P =0(m™"). (3:20)

The constants ¢; and ¢y depend only on the bounds from (B1) and the bounds from
Lemma 3.1. Altogether, we have proved (3.17); the proof of (3.15a) is complete.
To prove estimate (3.15b), note that by (3.3),
WHU) = 5 (U) = S(hA)QuU +b" (J(W (U, h), h) = By (Wi (U, ), 1) (3:21)

where

J(W;U,h) = h(id —haA) "' B(W), (3.22)
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so that
10" =Wl lln 1 pxp < ISRAQUlN 1 _pr_p
+ s ||b|| ||JoW—IP’mJon||N_1_P)K_P. (3.23)

We estimate the first term of (3.23) using Lemma A.6 with Il = id, ¥ = P,,, u = U,
Z, =Y, Wy = By (U for j =0,..., K, and w(u,h) = v(u,h) = S(hA)U. For
the second term of (3.23), we use Lemma A.6 with Il = J, ¥ = P,,J, Z; and
W; from (3.16) as before, w(U, h) = W (U, h), and v(U, h) = Wy,,(U, h). Thus, by
Lemma 3.1, there exists ¢4 such that

||‘I’h - \Iﬂgan—lfP,KfP <S¢ H|QmUH|N—1,K,O,P ta QOJmN—l,K,O,P
+eal[W—=Wally_1_pr_p- (3.24)

The first term is O(m~F) by (2.11); to obtain the required estimate for the second
term we proceed as in the computation proving (3.20), but with h(id —haA)~!'B in
place of ha(id —haA)~!B; the third term is O(m~F) by (3.15a).

Theorem 3.7 (Projection error for the numerical method, uniform version). As-
sume (A), (B1), (RK1), and (RK2). Choose § € (0,d.] small enough such that
D;(‘il is nonempty, and let hy = h(6) > 0 and m, = m,(J) be as in Theorem 3.35.
Then (3.15) holds true with respect to the uniform setting (2.29). Moreover, for
every 0 <K P<K+1and N> K +1,

W = Willy_1—pri1-p = O(m=") (3.25a)
and, for a invertible,

||\I’h - \I’:LnHN—l—P,KH—P = O(m_P) ) (3.25b)

where the norm in (3.25) is defined with respect to the spaces (2.29). The order
constants depend only on the bounds afforded by (B1), (2.16), and (3.5), on the
coefficients of the method, and on §.

Proof. For each U° € Dy, define 1, T1,,, W; = B (1U°), Z; = Y3, T = (0,h.),
etc., as in the proof of Theorem 3.2. We first show that (3.15) holds true with respect
to the uniform setting (2.29). We already verified in the proof of Theorem 3.3 that
conditions (i) and (ii) of Theorem A.9 hold uniformly in U° € D;(‘il and m > m,.
Further, by checking uniformity of all required estimates, we verify that (3.17) in
the proof of Theorem 3.6 hold uniformly in U° € D}i_l. Applying Theorem A.9
(b) for all U° € Dl_(‘il then implies that (3.15a) holds in the uniform setting (2.29).
Similarly, (3.24) holds uniformly in U° € ’D;(‘il so that (3.15b) holds with respect
to the uniform setting (2.29).
We next show that, for N > K,

AW — AWm”N—lfP,K—P = O(m_P) (3.26a)
and, for a invertible,
||A‘I’h - AWZ@HN—l—RK—P = O(m_P) ) (3.26b)

in the uniform setting (2.29). We apply A onto (3.18) as well as onto the expression
for P —Wh . The resulting difference expressions are then estimated as in the proof
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of Theorem 3.6 using Lemma 3.1, in particular (3.5¢). Now, we aim to show that,
for N>K+1land0< P<K,

||ahW - 6thHN—P—2,K—P = O(m_P) (3278,)

and
[On ¥ — ah‘I’mHprfszP = O(mip) . (3.27b)

To prove (3.27a), we apply Theorem A.9 on the stability of contraction mappings to
the pair II from (3.2) and II,,, = Py, oI, but this time on the (K +1) scale Z; = Y?
forj=0,...,K and Zg1 = Vi with W, :Djforj:O,...,KandWKJrl = D3
Set, as before, U = D;{il, X = YVki1, and Z = (0, hy). Due to (3.6¢c) and (B1),
the map I, satisfies the assumptions of Theorem A.9 in this setting for m > m,.
We obtain |[II — I, || x—1.x+1.0p = O(m™F) as in the proof of Theorem 3.6. By
Theorem A.9 (b), this implies |[W — Willy_p_1 g11_p = O(m™F) with respect
to the above defined hierarchy, and in particular (3.27a).

Estimate (3.27b) is proved similarly. We estimate the norms of both terms in
(3.21), with J as in (3.22). First, as in the proof of Theorem 3.6, using Lemma A.6
withlI=id, ¥ =P, u=U, Z; =Y;, W; :B?jj(Uo) for j=0,...,K + 1, where
r > 0 is such that Dgy; C B?K“(O), and w(u, h) = v(u, h) = S(hA)U, we obtain

HS(hA)QmUHN—P—l,K+1—P = O(mip)-

Thus, in particular,
Hahs(hA)@mU”N—P—z,K—P =0(m™") (3.28)

holds with respect to the uniform setting (2.29b).

We now estimate the second term of (3.21). Consider the (K + 1)-scale from
above, ie., Z; = Vi for j = 0,..., K, Zx4y1 = Vg, W; = Dj for j =0,..., K,
Wii1 = D, U = D, X = Vg1, and T = (0, k). Due to (3.6¢) and (B1),
the maps J and P,,,J satisfy the assumptions of Lemma A.6 in this setting, and, as
we have seen above, W and W, also satisfy the conditions of Lemma A.6 for this
choice of scale and m > m,. We obtain [|QmJ||N-1.x+1.0pr = O(m~F) as in the
proof of Theorem 3.6, and

[JoW —PnJoWn|y 1 pri1p= O(m~")

for the above choice of scale. This implies that, with respect to the uniform setting
(2.29b), we have

[On(J oW =PpJ oWi)lly 2 pr_p= O(m~=")
which, together with (3.28) and (3.21), implies (3.27b).

Finally, Lemma A.4, given that (3.15) holds in the uniform setting (2.29b) and
together with estimates (3.26) and (3.27), implies (3.25). O

Remark 3.8. If, in the setting of Theorem 3.7, the matrix a is not assumed to be
invertible, then (3.27b) still holds, cf. Remark 3.4.
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APPENDIX A. STABILITY OF CONTRACTION MAPPINGS

Abstract contraction mapping theorems on a scale of Banach spaces have been
obtained in [15, 19, 21]. For the results in this paper, we must, in addition, estimate
the stability of the fixed point under perturbation of the contraction map.

For K € Ng, let Z = 2y D Z; D ... D Zk be a scale of Banach spaces, each
continuously embedded in its predecessor, and let V;, W; C Z; be nested sequences
of sets. Let X be a Banach space, and let Y C X and Z C R be open. We note
that all results in this section easily extend to the case where Z is an open subset
of RP. We may assume that ||w|/z, < |lw]z,,, for all w € Zj;. (If this is not the
case, we inductively equip Z;; with the equivalent norm ||-||z,,, + -z,

As detailed in Section 2.3, we use the following additional integer indices. The
minimal regularity we guarantee for the image space of the function considered is
scale rung L, the “loss index” S indicates how many rungs on the scale the range
of a function is down relative to its domain, and N denotes the maximal regularity
of the function. We assume 0 < L < K — 5 < N — 5. We work with the family of
spaces

igt
CnrLs{(VihUT{WH = ) C Vs x U X T W), (Aula)

i+j+k<N—S
L4Hl<k<K-S

endowed with norm (2.30a), and abbreviate
Cn.x L({Vih U T AW} = Cnv ko (Vi 1 U T AW (A.1b)
Cnx (Vi1 U, I {W5}) = Cn o 00({Vs 1 U T {W; ) (A.lc)

with corresponding norms (2.30b) and (2.30c), respectively. We note that any
function of class (A.la) has a maximal number of N — L — S derivatives in its first
and second argument on the lowest admissible domain scale Z g.

Furthermore, let

0
v TV = () 6F U< Twe), (A1)
Jtk<N
L+e<k<K
endowed with norm (2.30d), and abbreviate
Cnx U, T; {W;}) = Cn xoU, T; {WV;}) (A.le)

with corresponding norm (2.30e). For future reference, we note the following.
Remark A.1. When a map II € Cn k,r,s({V;},U,Z;{W,}) does not depend on
w, it can be interpreted as an element from Cn i (U, Z;{W;}) where, by (2.31),
H|H|||N,K,L7S = HH”NfS,KfS,L'

We simply write Cn k1,5 and Cn, k.1, when the arguments are unambiguous. We
also write

A1 (w(u, ), 1) = DuMlwi o, 1) = (DuIT 0 w)(u, )

to denote partial p-derivatives vs. D, (ITI(w(u, ), u, 1)) to denote full u-derivatives.
We begin with four technical lemmas which can be proved by simple index arith-
metic. Details can be found in [15].

Lemma A.2. If N > K then, with W = W),
CnxU,T; W }) cCEU X T; W) .

w=w(u,p



24 M. OLIVER AND C. WULFF

Lemma A.3. Suppose that w € Cn k.1 (U, Z;{W;}) and that the map (u,q, 1) —
Dyw(u, p)a is of class Cn i UX B (0),Z;{Z;}). Thenw € Cn1,x.0(U,Z; {WV;})
and

Wiyt xr < sup [[Duwilly g+ Wiy g -
[la)lx <1
Lemma A.4. When N > K, w € Cn,x+1,041 (U, Z; {W;}) N Cn .. (U, Z; {WV;}),
and O, w € Cn_1,k,.(U, T;{Z;}), then

w € Cn k41,0 (U, L;{W;})
and
”wHN,K-H,L < ||wHN,K+1,L+1 + ”wHN,L,L + ||8Hw||N—1,K,L'
Lemma A.5. We have

ﬂ Cn-sn—50(Ve XU, T;{W;}) = CNn k. £.s({Vi }, U, T; {WV;})

S<w<K
and
|||H|HCN,K,L,S({v_,»},u;z;{wj}) ~ SrgnﬁagK||H||cN_sﬁ_s,L(vmxu,z;{wj})7
where ~ denotes that left hand and right hand sides provide equivalent norms on
CN.K,L,S-

We now prove a stability result for fixed points of contraction mappings, i.e., we
want to bound norms of differences of fixed points in terms of norms of differences
of contraction maps. To do so, we first need to look at a corresponding stability
result for compositions.

The following lemma states that the difference between two functions which are
both compositions of functions can be estimated by the difference of the outer
functions and the difference of the inner functions, and that the same holds for
derivatives of the difference. Here S is the minimal smoothness of the image of the
inner functions and of the domain of the outer functions, K is the number of scales
and N — S is the maximal number of derivatives of the inner functions. Finally, P
is used to relax the required smoothness in the estimates.

Lemma A.6 (Stability of compositions). For 0 < S+ P < K < N, suppose
IT = (w;u, 1), ¥ =3(w;u, 1), w=wu,p), and v =v(u,u) satisfy

(i) ILY € Cn41,1,0,s((WVs 1 U L { 25});

(11) w,v € CN’K’S(U,I; {WJ})
Then:

(a) Mow € Cn_g,xk—s(U,Z; {W;}) and |How|n_s,k—s, can be bounded by a
polynomial with non-negative coefficients in ||| n k1.5 and ||w||N K s+L;
the same holds true for ¥ owv.

(b) There is some ¢ > 0 which is a polynomial with non-negative coefficients in
I 541,560,585 wllnve,s, [Elv+1.k0,5, and [[v]|n ks such that

[Mow—=%o0v|y_p_gx p-s <M=y xoprstellw—vly_pr ps- (A2)

Remark A.7. Part (a) was already shown in [15, Lemma A.6] and is the chain rule
on the scale of Banach spaces. It will be our main tool for obtaining estimates on
the scale of Banach spaces for compositions of maps of the form (I o w)(u,u) =
IT(w(w, p);u, 1). The essence of the result is very natural: When the outer function
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IT loses S rungs on the scale, the inner function w must have minimal regularity
L = S and the composition maps at best into scale rung K — S.

Proof. We prove part (b) only. It follows the same pattern as the proof of part (a)
with the additional difficulty that we need to carefully keep track of differences in
the various spaces. We proceed by induction in N and K. For N =K =P+ S,

[Mow =X o0vlloqnz.z) < Mow—Tlovlloqz 2+ Mev—Eovleq,r 2

<o llw— ”Hc(uXI;ZS) +[ITT — EH|P-s—S,P-~-S,0,P+S )

where, by the mean value theorem, ¢y = |II|| p+s+1,P+5,0P+S-

Let us now increment N holding P and K fixed. Let B = B*(0). By Lemma A.3,
it is sufficient to derive the claimed upper bound for the Cn_p_g x—p_s(U X
B,Z;{W;}) norm of the function which maps ((u, %), ) € (U x B) x I to

Dy(ITow—Xov)ia=(0,I14)ow— (0,X4)ov
+ Mo (Dywid) — S o (Dyva), (A.3)
where IT and ¥ are defined in (A.8) below.

To estimate the first line of the right of (A.3), we define ITy(w; (u,@),p) =
OuIl(w; u, p) @ and Xq(w; (u, @), p) = 0y (w;u, u) @. Then, by induction hypothe-
sis, there is a constant ¢; which is a polynomial in |II||ny+1,x,0,5 > 1]~ k0,5,
I 051,008 10llxs1 a5 > ol segr and [0y s1 s Such that

[Tl ow —%q 0 UHN—P—S,KfPfs
<allli =iy goprs tallw—viy_pr_ps
<a =2yt k0p+s tallo—vly_pr_ps-
To estimate the second line of the right of (A.3), fix
r= max{||w||N+1,K,Sv HU||N+1,K,S} (A.4)
and set V; = B (0) for j = S,..., K. By Lemma A.8 (a) below, the maps II, &
satisfy condition (i), i.e.,
11,5 € Cnirmos((Vih U T {Z5)) -
For fixed @ € B, a direct estimate verifies that @((u, @), ) = Dyw(u, ) & and
O((u, @), u) = Dyv(u, u) @ map (U x B) x T into each of the domains Vg, ..., Vk of
IT and X. Hence, @ and ¢ satisfy assumption (ii). Then, by induction hypothesis,
there is some constant co such that
[TTow—Xo w”N—Pfs,KfPfS
<=2y kopis telld =2y pr_ps
< 2 |11 =Xy g 0,p4s T e2llw—=2lyi1_pr_ps- (A.5)
We note that ¢y is a polynomial in ||w||n k.5, |[v]|n.x.5, ITI|x+1.60.5 Which, by
Lemma A.8 (a), is bounded by a polynomial in ||w||n+1,x.5, [Hln+2,x,0.s, and 7,

and |||2A)|||N+17K70,S which is bounded by a polynomial in ||v||nt1 k.5, |2 N+2,K,0,5:
and r.
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To estimate the term ||IT — 2|5k .0.p1s in the last inequality above, note that
the maps
I (w; (0, u), 1) = Dy (w;u, p) 0 and  To(w; (W, u), u) = Doy X(w; u, p) ©
satisfy, for P+ S <k < K,
Iy, Y2 € Cnt1,0,0,s({Wi 1 Ve XU T;{Z;}) .

So the induction hypothesis applies once again, asserting that there is a constant
c3 such that

[Tz 0w — g0 ””prfs,nfpfs < el — 22H|N,,<,0,P+S + 3 flw — U”NfP,an,S

where, for all P4+ 5 <k < K,

I — 22H|N,K,O,P+S <rm- E|||N+1,K,0,P+S

and c3 is a polynomial in [|II|n+2,x.0,5, IElln+2,x05: |wlN+1,5 [[V][N+1,5, and
r. Therefore, by Lemma A.5, there is some constant ¢4, which is independent of
II, ¥, v, and w, such that

1T =30y k0prs = IM20ow =Es 00|y r o pys

< cy

II -%
PSSR i Iz 0w =2 0vlly_p gpps

<rezey |- Z|HN+1,K,0,P+S +ezeqflw— “”NfP,KfP,S ‘

This last assertion is summarized in Lemma A.8 (with NV replaced by N —1). This
concludes the inductive step in V.

Second, we prove that the conclusion also holds when we increment K — .S when
K < N, holding N fixed. By Lemma A.4,

[MTow—Xo ”Hprfs,KfPsz <|Mow—3Xo 'U”N—P—S,KfPfS+1,1
+Mow—Xouv|y_p_ g+ [[Dullow—Eov)|y_p s 1 pg- (A6)

To estimate the first term on the right, note that we can apply the induction
hypothesis on the translated scale Z; = Z;11, W; = W;11. Thus, there is a
constant cs with the required polynomial dependence such that

”H ow—Xo ’UHCprfs,KfpferlJ(U,I;{Zj})

=[Mow—=%oul, . wzizh

<o [T =X +¢s flw ]|

Cn,x,0,p+5({W; }UTH{Z;}) Cn—px—pPs(UT{Z;})

= ¢ [l — E”|CN‘K+1‘1,P+S({Wj}J/LI;{Zj}) + s flw - UHCN—P,KH—P,1+S(U71;{Zj}) :

For the second term on the right of (A.6), we apply the induction hypothesis on
the trivial scale, obtaining that there is a constant cg with the required polynomial
dependence such that

[Tow—3o U”prfs,o < ¢ |1 - ZH|1\r,P+s,o,P+s + ¢ [lv — wHN—P,S,S :
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For the third term on the right of (A.6), we estimate

||DM(HOw)_DM(ZOU)”N—P—S—LK—P—S < ||8MHow_aMEOU”N—P—S—l,K—P—S
+ |[ITo 0w — Yo aMUHN—P—S—l,K—P—S . (A

To estimate the first term on the right of (A.7), notice that II,Y € Cyy1 k41,08
implies 0,11,0,% € Cny1,K+1,0,5+1- Since w,v € Cn,k+1,1+5, we conclude that
0,11, 9,2, w and v satisfy the assumptions of the lemma. Since K — S is not
incremented, the induction hypothesis applies and proves that there is a constant
c7 with the required polynomial dependence such that

[0plow —08,% 0 ”HN—P—(S+1),K+1—P—(S+1)
<7 19,11 - 8#2H|N,K+1,O,P+S+1 +er7||w - ”|‘N7P,K+17P,S+1

< o7 | =2y ki1,0,p45 T erllw=vly_prii—ps-
To estimate the second term on the right of (A.7), we fix

r= max{”w”N,KH,Sv ||UHN,K+1,S} )
set V; = B (0), and recall from above that I1,Y € Cy ({V;},U,T;{Z;}), cf.
Lemma A.8. Then, d,w and 0,v map U x I into each of the domains Vs, ..., Vk
of I, 3. Applying the induction hypothesis to II, 3 and 0w, 0,v, we obtain that
there exists a constant cg such that

o dyw—Xo aMUHN—P—S—l,K—P—S
< s 1= 2l vy k0,45 + €8 10uw — Ouvlly_1_px_ps

< cs I - Z”|N—1,K,O,P+S +cs flw — UHN—P,K-H—P,S :
The first term on the right hand side is estimated as before, yielding a bound of
the form (A.9).
We have thus found the required upper bounds for all terms on the right of
(A.6), thereby completing the inductive step also when K is incremented. [

In the proof of Lemma A.6, we used part (a) and proved statement (b) of the
following lemma which we state for later reference. A proof of part (a) can be found
in [15, Lemma A.7].

Lemma A.8. LetIl, 3, w, and v be as in Lemma A.6; let r >0, V; = B (0) for
j=8,...,K,0< P <min(N —1,K), and
(w;u, 1) = (Dl ow)(u, p)w  and  B(w;u, p) = (DX ov)(u, p) 0 (A.8)
Then:
(a) II € Cn-1,k,0,s({V;}, U, T;:{Z;}) with |II||n—1,K,0,s bounded by a polyno-
mial in ||lw||nv-1,x,s and 7 |II||n k0,5, and the same holds true for X.

(b) There is some polynomial ¢ > 0 in ||| nv+1,x,0,5, |ElN+1,.K.0.5; W]~ K55
lvln.x.s, and r such that

JITT — EH|N—1,K,O,P+S <c|T— Z|||N,K,0,P+s +cflw— U”N—I—P,KfP,S . (A.9)

Now we are ready to prove the result on the stability of fixed points of contraction
mappings on scales of Banach spaces.
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Theorem A.9 (Stability of contraction mappings). For N, K € Ny with N > K,
let Z = 290 D 21 D ... D Zg be a scale of Banach spaces, each continuously
embedded in its predecessor, let W; C Z; be a nested sequence of closures of open
sets, let X be a Banach space, and letUd C X and T C R be open. Assume
(i) ILE € Cnyr,x (W5 1 U {WV; });
(i) w = I(w;u, u) and v — X(v;u, p) are contractions on W; with contraction
constant c;- < 1 uniformly for allu e, p€Z, and j =0,..., K.

Then the following is true.

(a) The fized point equation II(w;u, ) = w has a unique solution
w € Cni,k (U, Z; {WV;})

and ||w||ns1,x is bounded by a function which is a polynomial with non-
negative coefficients in ||II||y+1,x and (1 — c})’l. The same holds true for
the fized point v = X(v;u, u).

(b) Let P < K < N. Then there is some polynomial ¢ with nonnegative co-
efficients in |U||x 1.5, IZlni1,5, and (1 =)~ for j =0,..., K, such
that

Jw — ”HN_P,K—P < cII- ZH|N,K,0,P :
Part (a) is a version of a contraction mapping theorem on a scale of Banach

spaces which was already proved in [15, Theorem A.9].

Proof. We prove part (b) only. It follows the same pattern as the proof of part (a)
with the additional difficulty that we need to carefully keep track of differences in
the various spaces. As before, we use induction in N and K. For N = K = P, we
must estimate

lw =l < [T(wsu, 1) = (w3 u, )l 2 + [TH(0; 6, 1) = X (v 0, p)] 5
< ¢ llw —vllz + [T (vs u, 1) = B(vsu, p)ll 2,

where ¢}, is the common contraction parameter with respect to the Zy norm. There-

fore,
| | < [T =X ! ITT =]
w—v — ||II — = — |1 - )
CUXTiZ) = T ¢ COWpxUXT:Z) — 1 — ¢ P,P,0,P

We first prove that the conclusion also holds when we increment N, holding K
fixed. By Lemma A.3,

lw=vllyy1-pr_p < HS}”lEl [(Duw=Duyv) al y_p e ptllw=vly_px_p- (A.10)
GRS

By induction hypothesis, there is a constant ¢; which is a polynomial in ||II|| x+1,x,
I3l x5 41,5, and (1 = ¢f)~" for j = 0,..., K such that
[lw — UHN—P,KfP < e T~ Z”lN,K,O,P‘

It remains to compute an appropriate bound for the first term on the right of
(A.10).
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Note that @(, ) = Dyw(u, p) @, where @ = (u,a) € U x B, B = Bi(0), is a
fixed point of the contraction map II given by

1(w; (u, @), p) = O T (w(u, p); w, ) W + OuTI(w(w, p); u, )
= TI(w; u, ) + A IL(w(u, 1) u, 1) . (A.11)

,1t) @ is a fixed point of ¥. From part (a) we know that

Similarly, o(a, ) = Dyv(u
:{W;}). Setting

w,v € CN_;,_LK(U,I'

1
(Ml e 8} o, 7 (A12)
and V; = B (0) for j =0,..., K, we find by Lemma A.6 (a) and Lemma A.8 (a)
that IL, Y € Cna1,xk ({V;},U x B, Z; {V;}). Hence, II and X satisfy the assumptions
of the theorem and, by induction hypothesis, there is some constant ¢, depending
polynomially on (1 —¢})~! for j =0,..., K, |lx11,x, and [|[X||x41,5 such that

@ —lly_px_p <2l =y x0p

< e |||ﬂ - imN,K,O,P + 2 [[(Oullow — 8,2 0 v) a”N—P,K—P
(A.13)

where, in the second inequality, we refer to definition (A.8) of IT and ¥ and to
Remark A.1. By Lemma A.6 (a) and Lemma A.8 (a), taking note of Remark A.1,
the norms

I &1 e < Iy 40, 1 + 1@uTT o w) Gl g

and [Sllx 11, are polynomials in [Tl sz ISIx-2.xr llollvss s [olxiox,
and r. Due to the definition of  in (A.12) and part (a), these quantities, hence the
constants in (A.13), have bounds that can be chosen as polynomials in ||II|| x42,x,
Il v 42,5, and (1 — c;)_1 for j=0,...,K.

Applying Lemma A.8 to the first term on the right hand side of the second line
of (A.13) and Lemma A.6 to the second term, both with S = 0, we find that there
is a constant c3 depending polynomially on [|[II||nt2,x, IX]IN+2,x, [[wll 51 ks and
w41, 5 such that

1= 3lly—pre—p < €8 = Zlysy 0,0 + 03 10 = lly_px_p
< e 1= Slly 1,100, + €4 I = Zlly 0,
< [0 =%l ny1 k0P

In the second inequality we have used the induction hypothesis so that ¢4 and c5
are polynomials in ||| nt2,x, |XllN+e,x, and (1 — c;)_1 for j =0,...,K. This
concludes the inductive step in V.

Second, we prove that the conclusion also holds when we increment K < N,
holding N fixed. Recall from Lemma A.4 that

[lw — U||N_P,K—P+1 < Jlw— U||N_P,K—P+1,1

llw = vl po+ 10uw Ol py g ps  (AL4)
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we will estimate the three norms on the right hand side separately. For the first
norm note that a translation of the scale with Z; = Z;,; and the induction hy-
pothesis show that

[Jw — U||N—P,K—P+1,1 < |- E”|N,K+1,1,P J (A.15)

where ¢g is a polynomial in [TI|x41, 541 = M vt 541,10, [Z]lv41, 541, and (1 -
c;»)’1 forj=0,...,K+1.

For the second term on the right of (A.14), we apply the induction hypothesis
on the trivial scale, so that is a constant c; such that

|w — UHN—P,O < er |- EH|N,P,0,P .

For the third term on the right of (A.14), we note that w = d,w and © = 9,v are
fixed points of the respective contraction maps II and ¥ of the form

T1(0; w, 1) = Ay TT(w (u, p); w, ) @ + 8,11 (w(w, p); u, )
= II(w; u, 1) + O I (w(u, 1); u, 1) - (A.16)

By part (a), v,w € Cn k41U, Z;{Z;}). Setting

1
R (L P
and V; = B (0) for j =0,..., K, we find that, by Lemma A.6 (a) and Lemma A.8
(a), ILY € Cnx({V;},U,Z;{V;}). Hence, 11 and ¥ satisfy the assumptions of
the theorem and, by induction hypothesis, there is some constant cs, depending
polynomially on (1 —¢)~!, |T||x &, and [|%[ 5 x such that

|0 — OHN_P_LK_P < cg 1L - E|||N_1,K,0,P

< s =2l w1 k0,p + s 0 Ilow —OuXovl|y_p_y _p
(A.17)

where, in the second inequality, we refer to definition (A.8) of IT and ¥ and to
Remark A.1. By Lemma A.6 (a) and Lemma A.8 (a), taking note of Remark A.1,
the norms

Iy i < Iy g+ 18,TT 0wl

and [Sll.x are polynomials in [T xs1,xc51, ISIx+ 1141, [wllviesns ol s,
and r. Due to the definition of r, these quantities, hence the constant cg in (A.17)
has a bound that can be chosen as a polynomial in |II||y+1,x+1, |Z|N+1, 5641, and
(1 —c;)_1 for j=0,...,K.

The first term in the second line of (A.17) is estimated by Lemma A.8. We
obtain

JITT — EH'N—LK,O,P < ¢ I - 2|HN,K,0,P + ¢ |lw — UHN—P,KfP

< e[| - E|||N,K,0,P : (A.18)

Here ¢g is a polynomial in [[Hflni1,x41 = Mln g, IElN+1x+1, Wiy g =
lwlx_1 ¢ and [|v]|y g4y, and we have used the induction hypothesis in the last
inequality, with c19 a polynomial in ||| xy1,x 41, IZllv+1,5x 41, and (1 —¢f)~" for
j=0,... K.
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For the second term on the right of (A.17), note that the hypothesis of the
theorem, with K replaced by K + 1, implies that

0,11,0,% € Cn k41,01 ({W;},U, T;{Z;}),

so that Lemma A.6 applied with S = 1 yields a constant ¢;; which is a polynomial in

Il &, c+1 = NOWI v, k1,000 2NN 15 10l v et = Wl regn10 @nd 0] v e
such that

[(0,I1) ow — (9,%) o U”N—Pfl,KfP
< e 10,11 = 0uEl v gy10,p41 F o1 lw —vlin_prii—pi
<en =2y gi10p tencz =Sy i 1p
<eps |- E|||N,K+1,0,P ) (A.19)

where the second term in the third inequality is due to (A.15), and c¢j2 and c;3
depend polynomially on the required quantities. Inserting (A.18) and (A.19) into
(A.17) then concludes the inductive step in K. O
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